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Fig. 5.19 Actual and training trajectories used in a simulation

along the same trajectory but at twice the speed generates a sequence of images with by, by, b, ...
etc. as the sampling points. Since each of these sampling points occupies a different location in
space, objects moving at different speeds give rise 10 sequences of images with considerable spatial
differences between them, even though they move along the same trajectory. As a resull, it is possi-
ble to tune several temporal modules to classify the objects’ movements along the same trajectory

according to speed.
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Fig. 5.20 An object moving along the same trajectory but at different speeds.

5.8.2. Slightly Altered Trajectories

The performance of a motion detector trained to recognize the movement of an object along
different trajectories is evaluated in this section. A motion detector with four temporal modules has
been simulated and tested, with each module trained to recognize the movement of an object along
a certain trajectory at a speed of 8 pixels per unit time. We shall refer to these trajectories as trajec-

tories 1, 2, 3, and 4, as shown in Fig. 5.21. The size of the moving object is 8x8 pixels.

Fig. 5.22 gives the response of the motion detector with all four modules interconnected
when a random-dot patten with the size of 8x8 pixels moves along trajectory 1. Output 1 shows

the gradual rise in the output of the module trained to recognize that trajectory. The module begins



130
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Fig. 5.21 Four training trajectories.

to be activated at about the 3rd sample and its output rises above 0.8 after the 6¢th sample, which

indicates that the module has recognized the trajectory. Outputs 2, 3 and 4 show the behavior of
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the other 3 moduies trained o recognize trajectories 2, 3, and 4, respectively. The outputs of
modules 3 and 4 stay below 0.1 most of the time because trajectories 3 and 4 are different from tra-
jectory 1. However, the output of module 2 increases gradually until the 672 sample, and then
decreases slowly the rest of the time. The reason for this behavior is that the first few images of the
motion sequence for trajectory 2 are quite similar to those images for trajectory 1. The output of
module 2 would have continued to increase, but it begins to decrease after the 6/h sample due to

the inhibition from module 1.

The competitive interaction between the modules to become a winner has a strong influence
on the final output of a module. In order to reach a better understanding of the sensitivity of the
detector to position error, we will examine the response of one module with no inhibitory inputs

from other modules.

To determine the tolerance of a module to recognize the movement of an object along a dif-
ferent trajectory from the training trajectory, a slightly altered trajectory is used, as shown in Fig.
5.23. As before, the comers of a test trajectory represent the sampling points. For each comer on
the training trajectory, four points are defined, each having a positional error Z. A test trajectory is
generated by randomly selecting one of the four sampling points for each corner of the trajectory.

A training trajectory with N training points would result in the generation of 4" test trajec-
tories. It would be very expensive in computation to perform the tolerance test on all possible tra-
jectories, Instead, a limited test was performed, in which the average output of a module for 10 ran-
dom samples of the test trajectories was used. The solid and dashed lines in Fig. 5.24 depict the
average outputs of two temporal modules at the end of 10 time samples for different values of the
positional error Z. Two other modules were tested and gave similar results. The simulation results
show that the detector can recognize trajectories with positional error of up to 7 pixels, without 100
much deterioration in performance. The module fails to detect the altered trajectory once the posi-

tion error Z is greater than 9 pixels.
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Fig. 5.23 Training and test trajectories used in a simulation

Therefore, the above results clearly show that a trained network can still recognize the motion
of an object moving along a slightly altered trajectory. It is important to note that the result
presented in the Fig. 5.24 will still be true when the modules are operated in a winner-take-all
fashion, as long as the trajectories are far apart and do not interfere with each other. Otherwise the

result is no longer true.
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Fig. 5.24 Average outputs of two temporal modules shown as solid and dashed lines
versus position error Z from its training trajectory.

5.8.3. Objects of Different Physical Sizes

A motion detector is trained to recognize the movement of an object of certain physical size
along a particular trajectory. Thus, it is important to know the sensitivity of the motion detector o

the movement of objects with physical sizes different from the training size.

The motion detector from the previous section was trained to recognize the motion of a 8x8
pixels object along 4 different trajectories shown in Fig. 5.21. Now, to study the effect of object
size on the performance of the detector, objects of different sizes moving along these trajectories
are presented.

Fig. 5.25 presents the average outputs of two of the temporal modules as a function of object

size. The simulation results show that a module can detect the movement of any object with a size

between 3x3 and 14x14 pixels. The other two modules were tested and gave a similar outpul
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response o object size. Comparison of Fig. 5.25 with Fig. 5.9 shows that simulation results derived
from a larger network fit the result from the performance study presented earlier. These figures
indicate that the detector is not sensitive to the motion of an object whose size is slightly different

from the training size due to the blurring action of the summers.

5.8.4. Partial Sequences

The simulation results presented so far assumed that a complete sequence is always presented
to the motion detector. However, sequences encountered by a detector are quite often partial
sequences. A partial sequence is regarded as a fraction of a complete correct sequence containing
all the images belonging to that part of the sequence. A partial sequence may be embedded into

random sequences, and it may start at any time. Therefore, the system should remain in the reset
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Fig. 5.25 Average outputs of two temporal modules shown as solid and dashed lines
versus the size of an object
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state during a random input sequence. As soon as the beginning of a partial sequence appears at
the input, the system should exit the reset state and start the recognition process. The detector
should be able to recognize sequences and generate an output to indicate that only a part of the

sequence has been encountered.

To check the ability of a temporal module (o recognize a partial sequence, a sequence is used
that consists of a random sequence, followed by a correct partial sequence of varying length and
finally a random sequence. The test is performed under the condition that the object size is kept
the same as the training size and the object moves along the training trajectory. A partial sequence
can belong to any part of a correct sequence. Hence, a module was tested with partial scquences of
different lengths taken from a correct sequence at random. At the end of the five tests, an average
output was obtained. Fig. 5.26 shows the average outputs of two temporal modules when partial
sequences of different lengths are presented. The simulation results indicate that the detector is
able to recognize partial sequences comprising more than 50% of the images in a complete
sequence. The detector fails completely when less than 30% of a complete sequence is presented.

The results in Fig. 5.26 can be explained as follows. Each temporal module has been trained
to examine a minimum of 40 % of a correct sequence before an output of 1 is generated at the
result node. As a result, when less than 30% of a complete sequence is presented, the result node

will not be activated.

5.8.5. Input Noise

Noise is an inevitable phenomenon in the operation of any system, and it comes in many
forms [Widrow 1985]. Here, we shall consider two common forms of noise that may be encoun-
tered during the operation of a motion detector. First, noise can be induced by error in sampling the
input, causing erroneous input data. Second, noise in the image input can be caused by random
changes in some of the pixels representing the object or the background image. Since the presence
of noise in the input cannot be avoided, it is essential to determine the tolerance of a motion detec-

tor to noisy input. The detector should be stable in a noisy environment, and should degrade
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Fig. 5.26 Average outputs of two temporal modules shown as solid and dashed lines
versus the percentage length of a partial sequence.

gracefully with increasing noise.

We shall begin by examining the degradation effect of the intermittent loss of correct image
input in a sequence due to sampling error. The test sequence is derived by taking a correct
sequence and replacing some of the images in the sequence by some random images. The length of
the test sequence is kept the same as the length of a correct sequence. For each percentage .oss, a
module is tested with five test sequences and an average output is obtained. The average outputs of
two temporal modules to sequences with different percentages of intermittent loss of correct image
input are shown in Fig. 5.27. The simulation results show that the module is able to function
correctly when not more than 40 % of the image input is lost. The performance of the detector

degrades as the intermittent loss of images increases beyond 40 %.
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Fig. 5.27 Average outputs of two temporal modules shown as solid and dashed lines
versus percentage loss of images in a sequence.

Next, we shall examine the effect of random background noise on the performance of a tem-
poral module to recognize a motion sequence. To perform the test, noise is injected into the image
input by randomly inverting the state of a number of pixels in the back plane while a temporal
module is being tested to detect the movement of an object. The trajectory, speed and physical size
of the object are kept the same as those used during training. Fig. 5.28 shows the average output of
two temporal modules versus the percentage of random noise in the back plane. The simulation

results indicate that the module can tolerate up 1o 20 % of background noise.

5.9. Discussion

The performance study of a small motion detector indicates that the detector is able 1o recog-

nize the movement of an object whose size and speed are similar to the training size and the
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Fig. 5.28 Average outputs of two temporal modules shown as solid and dashed lines
versus percentage of background noise level.

training speed, respectively. Even though the study was performed by moving a solid object
against a white background, the dynamic behavior under this condition is similar to that of the
motion of a random-dot object against a random-dot background in most cases. Different behavior
arises when the size of the object is larger than than the window size. Therefore, the results
obtained from the performance study can be used to interpret the simulation results obtained from
the testing of larger networks when the motion of a random-dot object and background are used as
input stimulus.

The simulation results of larger networks show that the proposed motion detector can be
trained to recognize a variety of temporal sequences resulting from the motion of an object along
different trajectories and at different speeds. A trained detector can detect the movement of an

object as long as the speed of motion is close to the training speed, the object has a similar physical
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size 10 that of the training pattem, and the object moves along a trajectory that is only slightly
altered from the training trajectory. The detector is able to detect partial motion sequences and is

tolerant to input noise.

5.10. Conclusion

This chapter has presented an architecture of a motion detector based on several temporal
modules presented in chapter 3. The application in motion detection has provided realistic inputs
for testing the proposed module. Simulation results show that a module based on a sequential net-
work can be used to keep track of each image in a temporal sequence, and temporal integration of
the result from recognition of each image in a sequence can be used 10 generate an outpul
representing the sequence. The results also show that the module is capable of recognizing partial

sequences and is tolerant to noise and other forms of degradation in the input sequence.



Chapter 6

Architectural Enhancement

6.1. Introduction

A modular neural network was proposed in chapter 3. A temporal module can be enlarged to
recognize a long sequence by putting more sequence nodes into a module. However, the limited
number of transistors and interconnections on a chip limits a temporal module to a few nodes
[Mead 1980, Mead 1989]. As a result, each module has a finite temporal window of size N, where
N is the number of sequence nodes. Such a module is not suited for recognition of a long sequence
with more than N events.

This chapter presents ways to expand the temporal pattern recognition capabilities of the net-
work beyond that of a single module. A modified module is introduced, which can be used to con-
struct a larger network in one of two ways. A number of modules may be concatenated to form a
chain capable of recognizing a long sequence of events. Alternatively, modules may be organized
in a hierarchical structure to recognize a sequence of sequences of events. For example, if each

module is trained to recognize a word, the network may be trained to recognize a sentence.

The chapter begins by presenting concatenated connections, followed by hierarchical connec-

tions. Then, simulation results are given to illustrate the networks' capabilities.

6.2. Concatenation of Temporal Modules

One approach to recognition of a long sequence is to cascade a number of smaller temporal
modules in series, so that each module is only responsible for recognition ui' a portion of the

sequence. Result from recognition of each portion by the respective module is temporally
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integrated to generate an output representing the overall sequence. To facilitate the concatenation
of several temporal modules, two external connections, which were not present in the basic tem-
poral module described in chapter 3, are provided, as shown in Fig. 6.1. They enable several
modules to be concatenated by connecting the input of the first sequence node, S, to the output of
the last sequence node, Sy, of the previous module, via an excitatory connection. A linear sum
node (LS) and its output (Sum) have also been added, the need for which will become apparent
shortly.

Concatenation of several temporal modules as shown in Fig. 6.2 forms a long chain of
sequence nodes, each of which trained to recognize only one event. When a correct sequence is
presented to the network, the first event causes node Sy of module M o be partially activated.
Subsequent events cause downstream nodes to be activated to higher levels, because of the excita-
tory connections in the forward direction. When a sufficient number of sequence nodes within a
module are activated, the result node of that module becomes active, indicating that the subse-
quence for which this module is responsible has been recognized. Thus, it would be possible to
determine that the entire sequence has been received correctly by temporaily integrating the out-

puts of the result nodes in all the modules (this is not shown in the figure).

Consider now the case of a partial sequence that overlaps two cascaded modules, as shown in
Fig. 6.3. Modules M; and M, are trained 1o recognize sequences /i = {£,, Ep, £y, Eq) and
I;» = {Es, Eg, Eq, Eg}, respectively. The test sequence presented is ¢, = | Eq, Ey, Es, Eg ).
The part of the sequence seen by each module may not have a sufficient number ol events 1o
activate its intemnal result node, which has a non-linear response. Hence, direct temporal integration
of the outputs of the two result nodes is not sufficient to recognize this partial sequence. The lincar
sum node, LS, has been introduced to solve this problem. Unlike the result node, the linear sum
node has a linear output response representing the number of correct events seen by a module.
Thus, in the above case, direct temporal integration of the outputs of the two LS nodes will gen-
erate an output representing the total length of the partial sequence observed by the two modules.

This integration is performed by another node called the External Result node (ER) in Fig. 6.2, The
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output of the linear sum node from each module is connected to the input of ER by a fixed-weight
excitatory connection, and is temporally integrated by that node (o generate an output representing
the overall sequence. The extemal result node has a non-linear output response similar to the inter-
nal result node in each module, such that this node will only be activated if the overall sequence
persists for a sufficient period. The integrator time constant in node ER should be selected based on
the minimum length of the partial sequence that is 1o be recognized by the network.

The introduction of the lincar sum node obviates the need for the intemal result node in cach
module when the modules are cascaded in series. The intemal result node may be used only to

determine whether the subsequence corresponding to a particular model has been received. Of

course, it is also needed when a module is used as a stand-alone unit,

)

...‘

I, = |Esy,Eq  Es, Eq)

Fig. 6.3 A test sequence that overlaps two cascaded modules.
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6.3. Hierarchical Interconnection

The idea of using a hierarchical structure as a means for reducing a network’s complexity is
not new [Simon 1962, Wolfram 1986]. For example, a hierarchical neural network was proposed
by Fukushima for visual pattern recognition [Fukushima 1988]. Similarly, a hierarchical frame-
work for vision was proposed by Tsotsos [Tsotsos 1988, Tsotsos 1989]. A number of temporal
modules may be arranged as shown in Fig. 6.4, which shows a 2-level hierarchy. Each module 'n
this figure may have the internal structure shown in Fig. 6.1 or may consist of a cascaded structure
as in Fig. 6.2, The outputs of the result nodes of the modules on any level constitute the inputs to

the modules on the niext higher level.

Result Result,

Level 2

Level 1

i..
12

External Inputs

M

Fig. 6.4 A hierarchical neural network for temporal pattern recognition.




140

In a hierarchical network, the number of modules at any level is smaller than the number at
the next lower level. Information is processed and abstracted by mod les in one level before it is
presented to modules in the next higher level, where it is further processed to obtain a higher form
of representation. For ease of reference, we will call a sequence recognized by a module on level |
a word. A sequence of words will be called a sentence. Hence, each module on level 2 can be

trained to recognize an input sentence.

Modules on higher levels of a hierarchy must have larger time constants than modules at
lower levels. This is necessary because the outputs of level-1 modules, for example, change at a
slower rate than the extemal inputs. Modules on the highest level of the hicrarchy receive inhibi-
tory inputs from other modules on the same level, and operate in a winner-take-all fashion. The
module recognizing an input sentence achieves the maximum output, while outputs of all the other

modules on the same level are inhibited.

Because of the non-linearity of the result nodes, a module may be activated by a partial
sequence, provided the sequence is sufficiently long to exceed the node’s activation level. This
means that a module on level | can recognize a word even when a part of that word is missing.
Similarly, a module on level 2 can recognize a sentence in which some words are missing. The
extent of this tolerance can be controlled by proper selection of the time constants and biases of the

result nodes.

To minimize the number of modules required, it is possible to have the modules on any level
of hierarchy to be shared by the modules on the next higher level. For example, it modules M |,
M2, M3, and M 4 are trained to recognize words [y, L2, 3, and /54 respectively, then module
M, can be trained to recognize sentence {/, /52, ;3 } and My, can be trained 1o recognize sen-
tence {/gy, l;2, l;4}. Modules M |, and M |, are shared by modules M, and M3, on the next level

of hierarchy.
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6.4. Simulation Results

The operation of the enhanced temporal modules, which can be connected cither in series or
in a hicrarchical structure, has been tested by implementing a motion detector similar to that
described in chapter 5. This section presents the test results, which have been obtained by simula-

ton.

6.4.1. Series Connection

A motion detector with three concatenated modules, each of which comprises ten sequence
nodes, has been simulated and tested. Modules M, M, and M; were independently trained to
recognize sequences Iy, ;o and /3. respectively, where each sequence consists of 10 events
representing the movement of an object. During training, the weights associated with inter-node
connections and the intemal bias in each node are adjusted using the LMS algorithm presented in
chapters 3 and 4. The external result node in Fig. 6.2 was trained to recognize the concatenated
sequence {/, ly2, [s3} by presenting the actual sequence.

The detector is tested using test sequence 1, where D (I, t;) = 0, i = 1,2,3. The
responses of the linear sum node in each module and the external result node are shown in Figs. 6.5
and 6.6 for two input sequences. In the case of Fig. 6.5, a random sequence r,; was first presented
to the machine, followed by #,,,, which is a partial sequence taken from the later part of 1.
Sequence 7, was then presented to the machine, followed by another partial sequence, 73,, taken
from the early part of 7. Finally, another random sequence, ., was presented. The figure shows
that the output of the linear sum node of module M rises partially, followed by the complete
activation of M, and partial activation of M3. The temporal integration of the activities at the
linear sum nodes causes the external result node to be activated gradually.

Fig. 6.6 depicts the case of a slightly modified input sequence. An early part of sequence 7,
f,1p. Was presented 1o the machine, followed by a random sequence, #,;. In response, the output of

the linear sum node of module M rises gradually to 0.5 then decays to 0 at time (7o + 107). When
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Fig. 6.6 Outputs of the linecar sum nodes of modules M, M,, M, and ER when
SCqUENCES Iy 1y, Iy, 12, I3, and 1,2 are presented to the network.

sequence 7, is presented, module M is activated later than in Fig. 6.5, because its first sequence

node does not receive an excitation signal from module M. The slower activation of modules M,

and the fact that the response of M ; has been shifted to the left causes the extemnal result node to be

weakly activated, demonstrating that disjoint sequences are not sufficient to activate the external

result node.
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6.4.2. Hierarchical Network

A two-level hierarchical neural network of the type shown in Fig. 6.4 has been used to imple-
ment a motion detector. Modules M |, M 2. M 3 and M |4 were trained independently (o recognize
words /gy, ls2, I3 and /g4, respectively. Each word consists of 6 events depicting a moving object.
After the modules in level-1 have been trained successfully, modules M5, and M, on level 2 were

then trained to recognize the sentences {/y, l;2. i3} and {/5y, lia, I 4}, respectively.,

The hierarchical network is tested using a sentence that consists of 3 words. Word 1, is
selected such that D (I, t,;) = 0,1 = 1, .. 4. Fig. 6.7 shows the outputs of various modules when
the test sentence {1y, ty2, f;3} is presented. Modules M |, M >, and M ;5 are activated in order by
their respective sequences, while module M 4 remains reset. By integrating the activities ol these
moduies, module M,; becomes active at time (r¢ + 157), indicating that it recognizes this input
correctly as one complete sequence. Module M, begins to fire when 7, and ¢, are presented, but
is later reset because module M 4 did not fire. In another test (not shown), when the sequence {7, .
1,2, ts4 } was presented, module M, was activated while module M3, remained quiescent.

In order to demonstrate that the modules in the higher level of the hierarchy can abstract the
temporal order of the sequences recognized by the modules on a lower level, an input sequence that
has t;,, t;7 and ;3 arranged in reverse temporal order was presented. Fig. 6.8 depicts the modules’
responses. Modules M, and M,; on level 2 remain quiet, even though the modules on level |
respond to their respective sequences. This clearly indicates that M,; is only responsive when the
words of a sentence are presented in the correct temporal order.

Consider now the responses of the modules in the upper level when only partial words and
partial sentences are presented to the network. Fig. 6.9 shows that the network continues o func-
tion properly when only parts of #;, and ¢, 3, separated by a random sequence, are presented, pro-
vided that these parts are sufficiently long to be recognized by their respective modules.

A network consisting of a single level of modules requires the same number of sequence

nodes as the total number of events in the sequences o be recognized. The hierarchical network
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presented here clearly illustrates that the number of sequence nodes can be reduced by having the

modules in a higher level of the hierarchy share some of the modules in the lower levels. In the

example given, modules M, and M |, on level 1 are shared by modules M, and M, on level 2.
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Fig. 6.7 Outputs of modules M ;. M 12, M 3 M 4, M5, and M,; when sequences

I;1. 1,2, and 1,3 are presented 1o the network.
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Fig. 6.9 Outputs of modules M |, M 2, M 3 M 14, M1, and M,; when sequences
Iy 1. Is2ps 12 @nd 1 3, are presented to the network.

6.5. Conclusion

This chapter presented an enhanced neural network module suited for implementation on a
single VLSI chip. A number of such modules can be interconnected to recognize temporal
sequences of varying length. Two interconnection schemes have been investigated. A series con-

nection combined with linear sum nodes enables the modules to recognize long sequences and par-



tial sequences that may overlap module boundaries. A hierarchical structure yields a network that

can recognize the temporal order of several partial sequences.



Chapter 7

VLSI Implementation

7.1. Introduction

This chapter discusses the implementation of the temporal module introduced in Chapter 6 in
the form of a VLSI chip. The purpose of the chapter is to investigate the feasibility of implement-
ing various functional elements and to discuss the difficulties and trade-off involved.

Some existing VLSI implementations of neural networks are presented first, followed by cir-
cuit models for the building blocks of a temporal module. Operation of the proposed circuits have

been verified using the SPICE circuit simulator, and the results of simulation are presented.

7.2. Existing Implementations of a Neural Network

The developments in artificial neural networks have focussed on software simulations, with
emphasis on hardware implementations appearing only recently [Mead 1980, Mead 1989]. A
neural network can be integrated onto a chip, where nodes are implemented as a collection of con-
nected analog or digital circuits. Because parallel computations are possible on a chip, the VLSI
implementation of a neural network provides the capability to process the incoming information in
real time.

There are two possible approaches to the implementation of a neural network on a chip. In
the first approach, analog VLSI circuits such as transconductance amplifiers are used as the basic

building blocks. The second approach uses conventional digital circuits to implement a network.
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7.2.1. Analog Implementation

This is a popular approach for the implementation of a neural network on a chip. Some exam
ples of recent work can be found in [Sivilotti 1986, Graf 1988, Mead 1988, Alspector 1989,
Boahen 1989, Graf 1989, Lazarro 1989, Maher 1989, Mcad 1989, Reed 1989, Verleysen 1989
Consider the network node shown in Fig. 7.1, which consists ot inputs with weighted connections,
a summer, and an amplifier with a non-lincar output. The following presents briefly an analog

implementation of these components.

The input 1o a summer of one node is connected 1o the output of another node by a MOS
(Metal Oxide Semiconductor) transistor, which implements a weighted interconnection. The gate
which controls the channel conductance of the transistor, hence the connection strength, is con-

nected 1o a voltage source. Each node has a non-inverting output, v,, and an inverting output v,. A

Vi ™
—
L]
o R
. — AW
——' '-——‘D
1 c
Vi ' I e
‘- )
—V,
-+
i Yy
weighted summer inverting
interconnections amplitiers

Fig. 7.1 A circuit implementing the node of a neural network
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positive weight is implemented by connecting the drain of the MOS transistor to the non-inverted
output of another node, and to the inverted output for a negative weight. Current is injected into a
node wher: the weight is positive and vice-versa for a negative weight. Interconnect weights can be
stored in a programmable memory which determines the voltage applied to the gates of the input
transistors. Altematively, the weights can be stored in an analog fashion by replacing the MOS
transistor connecting two nodes by a floating-gate MOS transistor similar to those used in pro-
grammable read-only memories. With this technique, the channel conductance is determined by the
charge stored on the floating gate. This type of storage is nonvolatile. The weights have to be com-
puted extemally and then loaded onto the chip.

The summer is implemented by using an operation amplifier configured as a leaky integrator
to sum all incoming currents injected into a node. The output of the summer is connected to the
input of an inverting amplificr which impiements the required non-linear transfer function of a

node when saturation of the amplifier is taken into account.

7.2.2. Digital Implementation

Three approaches to implement a neural network based on digital VLSI technique have been
reported in the literature. First, a neural network can be mapped onto a multi-processor, where each
processor is responsible for the computations involving only a few nodes and the input is distri-
buted to all processors by a host computer. The result from each of these processors is retricved
and combined by the host computer to generate the final output. The performance of neural net-
works mapped onto a shared-memory, ring, and mesh multi-processor topologies were compared

and presented in [Kung 1988, Suzuki 1989, Zitti 1989).

A high speed floating-point multiplier in a digital signal processor (DSP) leads to excellent
performance in computing inner products such as those in Eqn. 2.2. As a result, another approach
to the digital implementation of a neural network is to use a single DSP chip to perform the compu-
tations for all the network nodes. This technique has been successfully applied to recognize written

postal digits in real time [LeCun 1989b]. To utilize the potential parallelism available in a neural
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network, several DSPs can be used to perform the necessary computations in parallel by partition-
ing a job among them.

The third approach to a digital implementation of a neural network is based on pulse-density
modulation, implemented by using switched-capacitor structures as shown in Fig. 7.2 [Tomberg
1989, Habib 1989, Van Den Bout 1989]. The output of a node is encoded as a stream of pulses,
where the number of pulses per unit time represents the output strength. The weighted input 1o a
node is computed using an exclusive-or logic gate to multiply the pulse-density coded output from
another node by the pulse-density coded weight stored in a ring shift register. A switched capacitor
circuit sums all the weighted inputs and generates an output which, in tum, drives the input of

another node.

7.3. Analog Implementation of Temporal Module

This section presents an analog implementation of a temporal module. The circuit model and
the circuit design of each building block for a node are presented. Operation ol the proposed cir-

cuits have been verified using the SPICE circuit simulator, as described below.

7.3.1. Circuit Model

A temporal module consists of several nodes, each of which consists of a non-linear output
element, a fading memory, and several weighted inputs. These nodes may be implemented using
the circuit shown in Fig. 7.3, which comprises a voltage amplifier fed by a number of voltage-

controlled current sources. The capacitor and resistor at the input of the amplifier provides the fad-

- ' b C
ing memory, whose time constant is given by T =

i

The mput of the amplifier is connected to the

outputs of other nodes via the voltage-dependent current sources, which implement the necessary
excitatory or inhibitory weighted connections. For an excitatory connection, a current source
injects current into a node whereas it withdraws current from the node in the case of an inhibitory

connection. The weight of the connection is defined by the mutual conductance of the current
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Fig. 7.2 An interconnect for a switched-capacitor node.
source.

The intemnal state of each node proposed in chapter 3 changes with a fixed time constant satis-
fying a first order lincar differential equation given by Eqn. 3.3. The same form as Eqn. 3.3 can be
derived for the circuit in Fig. 7.3. Applying Kirchoff's current Law at the input of the amplifier, we
obtain:

du;
Tl =

N
dr Z Vi&ji + le)fj) (7.1)

1=l

1
G(

where «; is the voltage at the input of the amplifier of node J, v, is the output of another node 7, g ;



160
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inhibilory . s

connection

Fig. 7.3 A circuit model of a node.

is the mutual conductance of the current source connecting node ¢ 1o node 4, and f , 18 the mutual
conductance of the current source defining the bias of node .

The next section presents the VLSI circuits that are proposed for vanous components. The
purpose 1s mainly to demonstrate the feasibility of implementing a temporal module on a VLSI

chip. No detailed study of performance has been conducted and the circuits have not been built.

7.3.2. Components’ VLSI Circuits

VLSI circuits for the components in Fig. 7.3 are presented in this section. The simulation

results given have been obtained using the SPICE circuit simulator | Vladimirescu 1981

7.3.2.1. Voltage Amplifier

All nodes, except the lincar sum node (LS) presented in chapter 6, have a non-lincar outpul
element, which can be implemented by a voltage amplifier. A voltage amplifier usually behaves
linearly for a certain input range, and enters saturation outside that. This behavior is closely

approximated by a piccewise linear transfer function, which in tum is a suitable approximation for
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a sigmoidal function.

A possible implementation for a voltage amplifier is shown in Fig. 7.4. The circuit consists
of a differential pair, Q; — Q,, a bias transistor, Q,, and a pullup resistor, R. The bias transistor,
Q. is used as a current source by operating the transistor in its saturated region. The bias current
controls the amount of current flowing through the differential pair, thus centrolling the voltage
gain. When the input voltage v, is less than 0, current i is close to 0, and /5 is close to the bias
current i,. Therelore, the output voltage is equal to (Vpp — Rip). When v, is greater than 0, current

i1 is close 1o iy, and i; is close to 0, and the output voltage is equal to Vpp. When v, is equal to 0,

ip . R’h
currents ¢; and i are both equal (0 —-, causing the output voltage to be equal to (Vpp — —,,—).

The circuit presented above requires a high load resistance R, which takes up quite a large
arca on the chip. This would mean a lesser number of devices that can be integrated on a chip. A

better approach is to use a saturated NMOS enhancement transistor, as shown in Fig. 7.5. The

-Vpp

Fig. 7.4 A circuit diagram of a voltage amplifier using a resistive load.
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transistor offers a high resistance, because it is operating in the saturated mode, and requires a
smaller arca. In spite of the advantage. there is a limitation for using this type of load, which is that
the output voltage never reaches Vyy,. However, as we shall see in the next section, this limitation
is not a hindrance to the design.

The circuit in Fig. 7.5 was simulated using SPICE, and the output of the circuit for difterent
values of input is shown as a solid line in Fig. 7.6. The supply and bias voltages nsed in the simu-
lation are Vppp = 5 volts and V;, = =3.5 volts, respectively. Because Q4 is operating in the enhance-
ment mode, the output varies from 0.4 1o 1.8 volts.

For comparison, the sigmoidal function used in the simulations presented in Chapter 3 is
shown as a dotted line in the Fig. 7.6. Except for the 0.4 volts of output voltage offset, the input-
output characteristic of the amplifier is similar (o the sigmoidal function. We shall see in the next
section that this offset will not adversely affect the operation of a voltage amplifier as the non-
linear output element in a node.

The series connection of modules proposed in chapter 6 requires the use ol a linear sum node
in each module. A linear sum node has a lincar output element, which can be difficult to imple-
ment. However, a linear function of the node can be approximated by a voltage amplifier that has a

wide linear input range. This can be achieved by applying a smaller bias voltage V.

7.3.2.2. Excitatory Interconnections

An excitatory connection is implemented by a voltage-dependent current source that injects
current into the node. A circuit for the current source is shown in Fig. 7.7. It consists of a current
mirror, Q| — Q,, and a bias transistor, Q,, connected to a fixed bias voltage, V,,. The bias transisior

functions as a voltage-dependent current source, and current i, is proportional o both the input

voltage and the geometric ratio (-L—) of the transistor, as given in the following

1%
ip = K(T)(z(v(;s - V) =Vps)Vps (7.2)
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Fig. 7.5 A circuit diagram of a voltage amplifier.
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Fig. 7.6 Plots of v, versus v;, for the circuit of Fig. 7.5 (solid line)
and the sigmoidal function (dotted line).
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where Vg = v, = Vj, K is a circuit constant, W and L are the channel width and length of the bias
transistor Q. and Vs, Vy and Vg are the gate-to-source voltage, the threshold voltage, and the
drain-to-source voltage of the bias transistor, respectively [Mead 1980, Mcad 1989]. Note that this
equation only applies when the bias transistor operates in the ohmic region, Using the current mir-
ror provided by transistors Q — Q. current iy injected into a node is equal to current i, of the bias
transistor.

Results of SPICE simulation of this circ ‘it are shown in Fig. 7.8. The supply and bias vol-
tages are Vpp =5 volts and V;, = —1.8 volts, respectively. The performance of the circuit using bias
transistors with different geometric ratios is shown. When ‘7"— =1, the circuit 15 approximately
linear between 0.8 and 1.6 volts, and the circuit saturates with a current of 44 pA for input voltages

W o S s ; . :
greater than 3 volts. When the i ratio is doubled, the circuit is approximately lincar between (0.8

and 1.2 volts, and saturates with an output current of 46 pA when the input voltage is greater than 2
p 1% I I3 g

volts.

e |p——d[ e:
o

Vin o——{[(),, b B
10 the output of (o amplifier’s
mput of a node

another node ‘ Iy

Fig. 7.7 A circuit diagram of an excitalory connection
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Fig. 7.8 Plot of i( versus v, of an excitatory connection.

Fig. 7.6 and 7.8 demonstrate that the circuit in Fig. 7.7 can implement the function of a linear
excitatory connection. The voltage amplifier has its output voltage level between 0.4 and 1.8 volts,

which approximately matches the linear range of input voltage for the circuit in Fig. 7.7.

The weight of a connection can be realized by using bias transistors of a different geometric
ratio. A stronger weight requires a bias transistor having a higher —L“i ratio. This approach of imple-
menting a weighted interconnect on a chip leads to fixed weights for a given chip. That is, for a
specified application, interconnect weights would be predetermined and programmed onto the chip
using bias transistors of different sizes. Several VLSI implementations of neural networks that
have been tailored for special applications have been reported by Mead [Mead 1989].

The interconnect weight can be made programmable by modifying the interconnection circuit
as shown in Fig. 7.9. The figure shows a circuit with a two-bit memory. There are four different

values of transconductance controlled by the memory cells. Each cell is connected to the gate of a



166

pass transistor. When a 1 is stored in a memory cell the corresponding pass transistor is switched
on, allowing the current to pass through. The pass transistor is switched off otherwise,

The resolution of the weight of the interconnection implemented using the above approach is
limited by the number of transistors needed. High resolution requires a large chip arca, which
means that fewer nodes can be implemented on a chip. Future work is required 1o determine the

minimum level of resolution needed for the interconnect weights in a given application.

7.3.2.3. Inhibitory Interconnections

An inhibitory connection consists of a voltage-dependent current sink that withdraws current
away from a node. It can be implemented by adding another current mirror, Q4 — Q4. 1o the circuit
shown in Fig. 7.7, as shown in Fig. 7.10. This device has the same transconductance characteristics

as shown in Fig. 7.8.

Von
Memory e mt
MM
olb+dle
'i:,,
Q3 O 10 amplifier’s
{ { Q. input of a node
Vin © : { 0

to the output of
another node

Vi

Fig. 7.9 An excitatory connection with selectable transconductance.
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7.3.2.4. Generalized Interconnections

The interconnections between the nodes in a temporal module are either excitatory or inhibi-
tory connections. They can be implemented by choosing one of the two circuits in Figs. 7.7 and
7.10. However, all the sequence nodes are also linked to the external inputs by weighted connec-
tions, which may be either excitatory or inhibitory. Hence, it is useful to have a generalized inter-

connection that can function either as an excitatory or inhibitory connection.

A possible design for an interconnection is illustrated in Fig. 7.11. A memory bit is used to
remember whether the connection is excitatory or inhibitory, and two bits, M,and M, to
remember the interconnect weight.

When bit § is 1, pass transistors Q,,; and 0,3 are switched off and Q2 is switched on. As a
result, the current mirror consisting of Qs—Qy is inactive, and i is injected into the input of the
amplifier. When bit § is 0, pass transistor Q)2 is switched off while the other two pass transistors

are switched on. This causes current ig 10 be injected into the current mirror, Qs—Qg, via pass

o amplifier’s

Q_l__l b——d| 2: m;())ul of a node
lin
Vin o——{[Qb 05— [:Q4

10 the outpyt of
another node

(o}
Vi ~Vop

Fig. 7.10 A circuit diagram of an inhibitory connection
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Fig. 7.11 A generalized interconnection.,

transistor Q1. As a result, iy, which is equal to iy, will be drawn from the node via the pass

transistor Q3.

7.4. Conclusion

This chapter has demonstrated the feasibility of implementing the propesed temporal module
on a VLSI chip. A circuit model of a node shows that there is a VLSI equivalent of the module’s
nodes and interconnections, and suitable circuits have been proposed for each of the functional cle-

ments in that model.



Chapter 8

Conclusions and Future Work

8.1. Conclusions

The main thesis of the work is that a special configuration of a sequential neural network that
uses a separate memory clement for each state along its state trajectory is well suited for use in
iemporal pattern recognition. The network state that represents the recognition results of individual
events in a temporal sequence can be observed easily, and thus can be used to generate a final
response through a process of temporal integration.

The combined use of temporal integration and one memory element per state yields a sequen-
tial neural network that can recognize partial sequences, and is tolerant to noise. Because of the use
of one memory element per state, the network has a simple topology, with no hidden nodes. All the
intermediate states of the network can be enumerated, which allows the network to be trained
casily using the LMS algo..thm. Simplified analysis of the network’s behavior is also possible.
The analysis allows a better understanding of the network dynamics and enables the network
parameters (o be estimated.

The capabilities of the network structure in this thesis can be expanded in a modular,
hierarchucal fashion. A number of modules, each trained to recognize a particular temporal
sequence, can be used for recognition of multiple sequences. Modules can be connected in series 10
recognize a long temporal sequence, or in a hierarchical structure to recognize a sequence of
sequences. Simulation results show that a hierarchical temporal network has the ability of abstract-

ing the temporal order of a number of input sequences, where each may be a partial sequence.

169
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The network was evaluated by simulating its use (0 implement a motion detector. With a
moving random-dot pattern as the test input, @ motion detector using several temporal modules has
been shown 10 recognize a variety of input sequences resulting from the motion of an object along
a certain trajectory at different speeds. Results indicate that a trained detector can recognize the
motion of abjects of varying sizes along a trajectory and can recognize partial motion sequences.
The detector is tolerant (o intermittent loss of the input image and degrades gracefully with increas-
ing input noise.

The proposed temporal module requires a small number of external connections. Hence, it is
well suited for implementation in the form ol a VLSI chip. Several MOS circuits have been

aescnbed to illustrate this feasibility.

8.2. Thesis Contributions
The contributions of this thesis are summarized below:

. Identification of a special configuration of a sequential neural network that is well suited for
temporal pattern recognition.

< Piecewise-linear analysis of the proposed neural network.

. Estimation of network parameters for a given application based on analytical results.

° Design of a motion detector which is capable of real time performance using the proposed
temporal module, and evaluation of its performance.

. Introduction of a systematic and modular training algorithm for larger networks that use the

proposed structure.
. Investigation of the performance of a network that uses either a serial or a hierarchical con-
nection of temporal modules.

. Investigating the feasibility of implementing a temporal module on a VLSI chip.
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8.3. Future Work

A temporal module is trained 1o recognize a sequence ol events by adjusting the interconnect
weights in small increments at each training iteration to minimize the error between the actual out-
put and the desired output. Implementation of such an interconnect requires a considerable number
of transistors. Due to the limited number of transistors that can be fabricated on a chip, each inter-
connect weight is likely to be restricted 1o a resolution of only a few bits. As a result, future work is
needed to evaluate the leamning capability and the performance of a network using low precision
weights.

The architecture of the current motion detector provides a discrete time differentiator for each
pixel in the image input to detect a moving edge. An output of one is generated by a differentiator
if the present input to a pixel is different from its previous value. Hence, the detector is not only
sensitive 10 a moving edge, but also to changes occurring in the background. It works well oniy
when there is very little relative movement between the imaging device (the observer) and the
background. Further work is required to modify the architecture of the motion detector so that the
detector can tolerate slow changes in the background.

There 1s an interesting application of the hierarchical network described in this thesis in
speech recognition. The modules in the first level of the hierarchy can be used for recognition of
different words and those in the second level for recognition of different sentences. More work is

required (o study the feasibility of this application.
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Appendix A

Weight Adjustment Function

This appendix presents the derivation of the function used to adjust the interconnect weights of a

node. The function is used in the training algorithm presented in chapter 3.

A.l. Constant Inputs

A node may be connected 1o a number of inputs by weighted connections, as shown in Fig. Al
When subjected 1o an input pattern p, the intemal state x,, of node i changes with a fixed time con-

stant T and can be expressed in the following as

Outputs

Inputs

Fig. A.1 Nodes linked to inputs by weighted interconnections.
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dx, N
Lo +x, = Y wet+ 0, (A.1)
=1

where T is the time constant of a node, w;; is the weight of the connection from input ¢; (o the input
of node i and 0, is the internal bias of node i. Node i has a sigmoidal output y,, in response 10 its

internal state, as defined in the following.

Vo = —— (A2)
AI" - P
l+e "

Let E be the total sum of the square of errors of all nodes for M input patterns given by

Opi = ¥pi)* (A.3)

u|-—-

||M2

M
Z

where f',,. and y, are the ith component of the desired output and actual output vectors of the net-
work respectively, and N is the number of nodes in the network. The objective is to minimize E

with respect to w,;. From Egns. A.2 and A.3, we have

= Vo — Y
6 p Ypu
AJ p

and
oy
N l)l
= = Ypll = Yp)
o,
Therelore,
SE ;
—5‘\._ = .\‘,u(\'pl "' _\'p, )(l = _\',n) (A.4)
A

Next, we need to determine 1S constant over a

Wy,
sampling interval 7. Solving Eqn. A.1 using the Laplace tranformation, we obtain,

=f

N
L= (Dwe; +0)(1—e ©) (A.5)
J=1

Differentiating Eqn. A.S with respect 1o w;;, we get
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Substituting Egns. A.4 and A.6 into Eqn. A.4, we obtain

ey

OE e

ST"I ¥ (,I."Pl(.{'lu - ."p: )1l - ."[u Xl=g b ) (A7)
If all the weights are adjusted at the end of each sampling interval 7, then F can be approxi-
W,,
mated by the following equation
~T
OE n S
8“'11- = (‘j.yln()'p, — V,n)(l — )‘[")(l =i ¥ ) (Ax)

n"j.vpl(\'p: = Wi )(1 ‘.;s'.".‘-'p:)

n

where 1 1s given by

-T

n=H(l-e ")

and H is the training step size with the value between 0 and 1.

Eqn. A.8 is used to adjust the input interconnect weights linking the extemal inputs and the

sequence node in a module, and the bias in each node.

A.2. Exponentially Rising Inputs

Next, we want 10 find out if Eqn. A.8 can be applied to cases when input ¢; is not constant. There
are two interesting cases: when the input is exponetially rising from 0 towards 1 or decaying from
1 towards 0 by a time constant t. These cases corr:spond to the situation when the input of a node
is connected to the output of another node. We shall examine in this section the case when input ¢;
is an exponentially rising variable given by

—u

e,-(t) = lj(l -e ') (A9)

where /; is a constant between 0 and 1. Substituting Eqn. A9 into Egn. A.1 and solving using the
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Laplace transformation, the following expression is obtained.

-t -1

N <l N
Xoi = (X wil; +0)(1~e ) - ZW,}-II(—::-)(' ¥ (A.10)
J=1 j=1

Differentiating Eqn. A.10 with respect to wy; yields

=l(l-e® -Le ") (Ad1)
T

Similarly, if all the weights are adjusted at the end of each sampling interval 7, then by substituting

t=T,Eqns. A.6 and A.13 into Eqn. A4, we obtain

- =
88uE = 1ypiOpi — Ypi)(1 = ypid(l—e ¥ - = =9 (A.12)
i

n

'1/ jypl(.\'pl = Ypu N1 = ."pl)

where n is given by

-T -T

n=Hl-e-" -Ie L)
T
and A is the training step size with a value between 0 and 1.

This function can be used to adjust the weight of the excitatory connection from sequence node 10

i+1.

A.3. Exponentially Decaying Inputs

Now, we examine the second case when input ¢; is an exponentially decaying output defined by the
following.

=

t’j(l) = l,-e ¥ (A.13)

Substituting Eqn. A.13 into Eqn. A.l and solving using the Laplace transformation gives the fol-

lowing expression



i N =h
!
«r[u = 01“ =€ g )ies ZW,I‘II(;)(' %
J=1

Differentiating Eqn. A.16 with respect (o w;; yields

=1
Oy 1T
= I,"—t’
ow,; T

Substituting r =T, Eqns. A.6 and A.17 into Eqn. A 4 gives

-7

E T o ~
o = Ij_\:,,.?e Y Opi = Ypi)(1 = Ypi)

SW,’,

B T'Il j_"pl(;'pl = Yp Mt = .y[)l)
where 1 is given by

bl
ﬂ—H(t)t

and H is the training step size with a value between 0 and 1.

184

(A.14)

(A.15)

(A.16)

This function is used to adjust the weights of all inhibitory weights between the sequence nodes.



Appendix B

Analysis of Sequence Nodes

The solutions to the linear analysis of sequence nodes presented in Section 4.3.1. of chapter 4 is

given in this appendix.

The dynamic equations for nodes S; and §; can be expressed in the form

“l
(i

o +X, = bzj —ay; +0; (B.1)

O  excitatory connection
e inhibitory connection

Fig. B.1 Two sequence nodes.
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dx;

T dt

+x; = bz; +ay, + 0 (B.2)

X

e (B.3)

o | —

j
5
where T, is the time constant associated with each sequence node, b is the weight of the external

input link, @ is the weight of the link connecting the output of one node to the input of another

node, z;, is the external input &, and 6, is the bias.

Substituting Eqn. B.3 into Eqns. B.1 and B.2 yields the following.

dyi ax; a
‘[,-E‘ +X = bz; — —5'— +(9,—?) (B.4)
dvj Ay a B.S
T,—JI- +X; = [J-I+T+(9,+5) (B.5)

By applying the Laplace transformation to Eqns. B.4 and B.5, we obtain

aX;(s) a
bZ,(S) = —-3_— (93_5) ".i(O)
X;(s) = l + l + 1 (B.6)
T,(S+"ES—) T,8(s + 'E) (s + _‘E_,_)
aX(s) a
' bZ,'(S) + (9,+':l") -\'j(o)
4\1(.\‘) = " 1 1 (B.7)
Ts(st=) G S(siF=)" (sid==)
T T Ty

where x,(0) and x;(0) are the initial states of nodes §; and S, respectively. Solving Eqns. B.6 and

B.7, the following expressions for X;(s) and X (s) are obtained.

vl dip o il 5 W
bZ,(s)(s + ?:_) (0,— 5 s + = ) X;(0)(s + = )
X,(8) = + + -

t,((s+tl)2+m"') 1,8 ((s+TL)2+w2) (s+%)2+co2
5 5 . 5 (B.8)
abZ;(s) a(9,+—2—) ax;(0)

51§((s+%)2+u)2) Stfs((s+ti)2+wz) St,((s+-tl—)2+mz)

£ s s



187

| a | , ]
hZ,-(s)(s + —t"—) (9,+‘2—)(S + '_[,_) .l}(())(.\ + —{‘)

Y

Xi(s) = + l + l +
T((s+— P4+0?) T8 ((5+—) +0%) (54 ) +0°
1 ' ' (B.9)
0,-=)
abZ(s) a(o; 2 ax,(0)
1 v e e
STA((s+—)+0)  STES((+—)+0?) ST ((s+— ) +0%)
T T T
where
0= 3.10
T, (B.10)
If the external inputs presented are
= u(t—-1)T)—u(t—iT) (B.11)
zi=u(t=G-OT)—u(t - jT) (B.12)

where T is the sampling interval, then the Laplace transformation of Egqns. B.11 and B.12 are

given in the following as

=(i~=NT T
Zi(s) = £ - £ (B.13)
s s
~(=T T
Zj(s) = < - £ (B.14)
s s
Substituting Eqns. B.13 and B. 14 yields the following responses for niodes S, and §,.
=t
xi(1) = e ™ (x;(0)cos wr — g—xj(O)sin onNu(r)
a
! (8, = IBu(1) = (5 +8)a (DD
1-a* (B.15)
- b(Bs(t—~(i =1)T)u (t =i =1)T) = By (r=iT)u (t~iT)
1-a*

ab(o,(t—=(=DTu(t=(j-=1T) - a,(t—ff)u(t—jfl)
5(1-a*)




wj

x,(r) = e  (x;(0)cos o + %.\',(())sin wru(r)

a a, da
(0, + E)B’(” + 3(5 —0,)0 ) )u(1)
+ 2
l-a©
N bR (1= =1)T)u(t=(j=1)T) = Byt =jT)ut=jT)
1-a*
i ab(o, (=i =1)T)u (1= =1)T) = o, (t=iT)u (t—iT))
5(1-a?)
where
- =

By(t) = 1 —e ™ cos or —T,we “ sin o1

=t =i

| .
a(r) = 1—e ™ cos or — e % sin ot

£l

Egns. B.15 and B.16 correspond to Eqns. 4.7 and 4.8 of chapter 4, respectively.
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(B.16)

(B.17a)

(B.17b)



Appendix C

Analysis of Competition Between Result Nodes

The solutions to the linear analysis of the competition between two result nodes (0 become a

winner presented in section 4.4.2. of chapter 4 is given in this appendix.

The dynamic equations for nodes R | and R ; can be expressed in the form

dx rl
dr

T, + X, =Cz; —ay,s +6, (C. 1)

[ 5%]

o  excitatory connection
e inhibitory connection

Fig. C.1 Competition between two result nodes.
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d.\ 7
T, "»-"+,u,.= Zy—ay,, +0, (C.2)
dt S M
X ]
Yoy = ";i 2 (C.3)

where T, 1s the integrating time-constant, x,,, v,, are the intenal state and output of node i respec-
tively, ¢ is the weight of the extemal input link, z, is the external input to node i, a is the weight of

inhibitory connections between the nodes,

Substituting Eqn. C.3 into Egns. C.1 and C.2 yields the following.

dx, ax,

"o
=

T, idr + X1 = €21 — 5 +(9,—5) (C4)
dx, ax, a
Rl o Xon =| 02y = "= + G,——- CS
Tt s X2 = 029 5 ( 5 ) (C.5)

By applying the Laplace transformation to Eqns. C.4 and C.5, we obtain

aX,»(s) a
(Zl(.\') s 5 (e;_'z—) "A'I(O)
Xeii) = : - l + 1 (C.6)
T, (s+—) T,.5(s+ —) (s+—)
117 T r
(IX,|(.\') a
ZA(8) - 5 (9,—5) ,2(0)
X,2(s) = l + l + l (C.7)
T, (5+—) TS (S + —) (5 )
T, r T,

where v, (0) and x,,(0) are the initial states of nodes R, and R,, respectively. Solving Eqns. C.6

and C.7, the following expressions for X, (s) and X, (s) are obtained.
Zis+L)  GLs+) X0+ )
bR ol % ) T

r r

X, 1(s8) = + + -

t,((s+~'~)2—m3) r,s((s+—'—)2—m3) (.<;+—'—)2—(o2
t, tr ‘t’
. (C.8)
caZ(s) a(O,-—z—) ax,»(0)

Stf((.H--il—)z—(o:) Stfs((s+tl)2—m2) St,((s+?l-)2-w2)

r r r
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|
cZH(s)(y + ?l-) (6_,—%)(.\' + ;!--) A a(O)s + - )
X,a2(s8) = ; — + - l — 4 —— B -
T,((.\‘+—t—)3—(02) 7,8 ((s+— ) —0%) (s4 )0’
r r ' ((‘.‘,)
a
caZ,(s) "(0‘—5) ay, ()
l ) 3 - 3 l 3 3 - I &) 3
ST ((s+—) =) STs((s+—)P-0%)  ST((s+ ) -0
T, Tr T
where
0=+ C.10
T, (C.10)
If the external inputs presented are
2 = K@) (C.11)
22 = Koul(r) (C.12)

where K, and K, are constants with the values between () and 1, then the Laplace transformation

of Egns. C.11 and C.12 are given in the following as

K, .
Z‘(S)= o (C.13)
s
K, o
Zy(s) = — (C.14)
Substituting Egns. C.13 and C.14 yields the following responses for nodes K and K ;.
(K1 +0, = 5By (0) = ¢ (K2 + 0, = Sk (]u)
xrl(') = = : 2 &
L= wh (C.15)
=y
+e” (x, (O)cosh wr — %x,z(())sinh r)u(r)
(K2 +0, =SB, (1) = (K +6, = S)at (OJu(t)
Xpa(t) = = 3 = e
= whn (C.16)

=f,

+e” (x,2(0)cosh wr — %A’,,(())sinh ot)u(t)
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-{ -{

B(t)=1-¢ ™ cosh of — T, m¢  sinh o (C.17a)
=t =t

a,(t) = 1—e “ cosh wr — L o™ ginhox (C.17b)

’

Eqgns. C.15 and C.16 correspond to Eqns. 4.24 and 4.25 of chapter 4, respectively.
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