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Abstract

The research work presented in this thesis advances the state-of-the-art of adaptive filter-
ing by developing an efficient adaptive linear cascadelIR filter, proposing four adaptive lineari-
zation schemes, introducing adaptive nonlinear recursive state-space (ANRSS) filters, and

applying the agorithms to loudspeaker measurements.

Adaptive cascadellR filters have the advantages of easy stability monitoring and good
sensitivity performance. A novel technique of backpropagating the desired signal is proposed
for agenera cascade structure, which is then applied to a cascade IR filter. The equation-error

formulation is shown to be a special case of the backpropagation formulation.

Inevitable nonlinearities in systems intended to function linearly sometimes severely
impair system performance. Three adaptive linearization schemes are devised to reducenon-
linearities in these systems using adaptive FIR filters. They achieve linearization by canceling
nonlinearity at thesystem output, post-distorting the signal, or pre-distorting the signal. The

pre-distortion scheme is applied to linearize a loudspeaker model.

The adaptive nonlinear filters previously reported are amost al of FIR type. Although
they have some nice properties. their computation requirements are impractical for those appli-
cations with long impulse responses. Hence, ANRSS filters are introduced as alternatives and
efficient methods for gradient computation are developed to facilitate further their real-time

application. The stability and the convergence of the filters are studied.

Measurements are performed on a loudspeaker system. Solutions of some problems aris-
ing from the practical data are proposed. Then. the algorithms developed in the thesis are

applied to the measurement data.
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Chapter One

| ntroduction

1.1 Motivations and Contributions
of the Thesis

Research work in this dissertation makes several contributions to the area of adap-
tive filtering. First, an efficient adaptive linear cascade IIR filter is developed on the
basis of a novel backpropagation formulation. Next, four adaptive linearization
schemes are developed for weakly nonlinear systems. Adaptive linearization of a
loudspeaker system is proposed and is demonstrated successfully on an analytical
loudspeaker model. Then, adaptive nonlinear recursive state-space (ANRSS) filters are
introduced. Efficient gradient computation algorithms are presented for these nonlinear
IIR filters, and the problems of their stability and convergence are studied. Finaly, the
algorithms proposed in the thesis, together with adaptive linear FIR, nonlinear FIR,
equation-error, and linear state-space filters, are applied to measured data of a

loudspeaker.

An adaptive filter is preferred to a fixed filter when an exact filtering requirement
may be unknown and/or this requirement may be mildly non-stationary. While adap-
tive linear FIR filters are widely used [1], they have been found too computationally
expensive for systems with long memory. The desire to search for efficient adaptive
filters has triggered active research of adaptive IIR filters[2,3]. Adaptive linear 1IR

filters are often implemented using direct-form realizations which have poor sensitivity
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performance and for which stability is hard to guarantee. Adaptive cascade IIR filters
have an easy stability check and good sensitivity performance [4]. However, they have
expensive gradient computation, usually quadratic in the filter order. An efficient adap-
tive cascade IIR filter is developed in this thesis to solve this problem. A novel tech-
nique is proposed for a cascade IIR filter, which suggests that the desired signal be
backpropagated and the intermediate errors be generated. The intermediate errors are
then minimized. In this filter, the poles are realized by cascading all-pole second-order
sections, while the zeros are redlized by one transversal section. The complexity of
adaptation is only about the same as that of the filter itself. In the proposed filter, the
transversal section and the inverse all-pole second-order sections, namely, the all-zero
second-order sections, are adapted. It is shown that the equation-error formulation [2]

is just a special case of the backpropagation formulation.

In most adaptive signal processing applications, system linearity is assumed and
adaptive linear filters are thus used. However, the performance of adaptive linear filters
is not satisfactory in applications where nonlinearities are significant. For example,
adaptive linear filters are normally used in channel equalization of data transmission. In
high-speed data communication, channel nonlinearities greatly impair transmission
quality and adaptive nonlinear filters are thus preferred to adaptive linear filters for
equalization [5,6]. On the other hand, nonlinearities in systems intended to function
linearly are not very strong in comparison with nonlinearities in systems intended to
work nonlinearly. This thesis is mainly concerned with systems intended to be linear.
The weakness of nonlinearities in such systems is taken advantage of in this thesis to

develop efficient adaptive nonlinear filtering algorithms.
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Reduction of excessive nonlinearities in a system intended to function linearly
sometimes can not be successfully accomplished by conventional techniques. For
example, a typical modern audio system consists of a high quality digital signal source,
an electronic amplifier, a loudspeaker system, and A/D and D/A converters. Various
design techniques have been used by designers to achieve linearity in each part. The
loudspeaker system usually has the most significant nonlinearities among the parts of
the audio system, hence, it is the limiting component. Linearization by feedback has
difficulties combating nonlinearities in a loudspeaker due to a delay in the feedback sig-

nal which may cause instability. An adaptive linearization technique may be a solution.

The topic of adaptive linearization has not been well studied. Motivated by practi-
cal applications, three adaptive linearization schemes are presented in this thesis for
weakly nonlinear systems using adaptive FIR filters. In the first scheme, linearization is
performed by canceling nonlinearity at the output of a physical system. In the second
scheme, a nonlinear post-processor is employed to post-distort signals, while in the
third scheme, a pre-processor is used. The first scheme can achieve pertect linearization
if an accurate estimate of the nonlinear signal is obtained. Other two schemes are able
to reduce the nonlinearity substantially if the nonlinearity is weak. These schemes may
be suitable for different applications. The scheme with a pre-processor is proposed to
linearize a loudspeaker. Based on an analytical loudspeaker model, simulations of the
proposed method have been performed. The results have shown that nonlinear distor-

tions of a loudspeaker can be reduced significantly.

The reported adaptive nonlinear filters are aimost al of FIR type. which have

similar advantages and disadvantages to adaptive linear FIR filters. The computation

1
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cost of an adaptive linear FIR filter increases linearly with the effective length of a sys-
tem impulse response, while the computation of adaptive nonlinear FIR filters is super-
linear with this length and thus is much more computationally demanding in the case of

a long impulse response.

This thesis introduces a general class of adaptive nonlinear IIR filters, namely,
ANRSS filters. The filters are recursive and thus generally have an infinite impulse
response. They are expected to have many applications and are especially attractive for
those with long memories where adaptive nonlinear FIR filters are too expensive to use.
Efficient methods, which significantly reduce computation for gradients, are developed
to facilitate their application in real-time signal processing. Guidelines are presented
for maintaining the stability of an ANRSS filter and it is shown that an ANRSS filter
can be approximated by a time-variant linear system whose stability can be more easily
monitored. It is found that the convergence speed depends on the eigenvalue spread of
the correlation matrix of the coefficient gradient signals. The theoretically predicted
convergence rate agrees quite well with the actual value in simulation. Furthermore, an
adaptive linearization scheme based on the filters is proposed for a class of nonlinear
systems. The scheme is applied to linearize a loudspeaker model with nonlinearity in
the suspension system. It is also proposed that the adaptive filters could be used to per-
form echo cancellation in a data communication channel with nonlinearity. Numerical
experiments are performed on identification of a simple first-order system,
identification and linearization of a loudspeaker model, and cancellation of echo.
Although these filters are presented in the digital domain, they are also applicable in the

continuous-time domain. This is another advantage of ANRSS filters and another
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motivation for introducing them.

To see the performance of the algorithms in a practical situation, measurements
are performed on a loudspeaker. Solutions to practical issues, such as inversion of a
bandpass transfer function, are discussed. The algorithms, together with some existing

techniques, are then applied to the measurement data.

1.2 Tour Map of the Thesis

This dissertation has four core chapters: Chapters Three, Four, Five, and Six,
where adaptive filtering algorithms are developed and tested. And it has three support-
ing chapters, Chapters One, Two, and Seven, which present principles, conduct surveys,

and draw conclusions.

Chapter One discusses motivations and contributions of this thesis and gives a
thesis outline.

Chapter Two first discusses the need for an adaptive filter. Next, it presents adap-
tation laws, principles of adaptive linear FIR filters, and principles of adaptive IIR
filters. Then, it conducts a survey of adaptive nonlinear filters and a survey of applica-
tions of adaptive nonlinear filters. This chapter furnishes the reader with the necessary
background theory and information on the state-of-the-art.

Chapter Three presents results on an adaptive linear cascade IIR filter. An idea
of backpropagating the desired signal is proposed for a cascade IIR filter. Then, stability
monitoring of an IR second-order section and the convergence of the filter are dis-

cussed. Finally, ssimulation results are presented.
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Chapter Four presents the results on adaptive linearization using adaptive FIR
filters. Three adaptive linearization schemes are proposed. One of the schemes is also
proposed to linearize a loudspeaker and simulations demonstrate it is able to achieve a

significant reduction in distortion.

Chapter Five introduces ANRSS filters. After discussing motivations for studying
an adaptive nonlinear IIR filter, a nonlinear recursive state-space structure for adaptive
nonlinear IIR filters is introduced and efficient methods are developed for gradient com-

putation. Then, the issues of stability and convergence are addressed and potential

applications of ANRSS filters are proposed. Finally, numerical results are presented.

Chapter Six describes measurements of a loudspeaker system and discusses some
issues associated with the data and their solutions. Then results are presented on appli-

cation of the preposed agorithms to the data.

The last chapter, Chapter Seven draws conclusions and suggests what should be

carried out further to improve or continue the work.
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Chapter Two

Principlesand A Survey
2.1 Introduction

This chapter presents some principles of adaptive linear and nonlinear filters and
conducts a concise survey of the research in the area. Active research on adaptive filters
has been carried out for about three decades. Hence, many algorithms and structures
have been developed and a rich body of literature has been formed. This chapter
focuses on those concepts, algorithms, and structures related to this thesis. The adapta-
tion laws are first outlined with the emphasis on the least mean sguare (LMS) algo-
rithm. Then the adaptive linear FIR and IIR filters are discussed. Finally, adaptive non-

linear filters and their applications are presented.

2.2 The Need for an Adaptive Filter

A conventional fixed filter, which is used to extract information from an input time
sequence, is linear and time invariant. An adaptive filter is a filter which automatically
adjusts its coefficients to optimize an objective function. A conceptua adaptive filter is
shown in Fig.2.1, where the filter minimizes the objective function of mean square error
by modifying itself and is thus a time varying system. An adaptive filter is useful when
an exact filtering operation may be unknown and/or this operation may be mildly non-

stationary.
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desired signal d (k)

/ +

put signal u (k) Filter output y (k‘)H
—_— o Adaptive filter ,\-}-

error signd e (k)

~

Fig.2.1 An adaptivefilter.

Adaptive filters have found applications in many areas such as speech processing,
data communications, image processing, and sonar processing. Two adaptive signa
processing applications will be discussed in this section to help illustrate the need for an
adaptive filter. One application is equalization of a data transmission channel [1] and

another is noise cancellation [2].

2.2.1 Equalization of aData Transmission Channel

The rapidly increasing need for computer communications has been met primarily
by higher speed data transmission over the widespread telephone network. Binary data
are converted to voice-frequency signals, transmitted, and converted back. The fre-
quency response of a telephone line with nomina passband 300 Hz to 3000 Hz deviates
from the ideal of constant amplitude and constant delay and thus time dispersion

results. In pulse amplitude modulation (PAM), each signa is a pulse whose amplitude
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level is determined by a symbol. The effect of each symbol transmitted over a time-

dispersive channel extends beyond the time interval used to represent that symbol.

Assuming that the channel is linear, the sampled data symbol at the receiver can
be represented as a convolution of the channel impulse response #; with the transmitted

data symbols u (k),

yk) = X hiulk=i) + no(k) @1
=0

where ng is anoise signal. The sampled data symbol can also be expressed as

Vk) = hgu (k=8) + z‘éhiu(k—i) + no(k) 22)
where 8 is the effective delay of the channel. The first term is the attenuated and
delayed data symbol and the second term is the intersymbol interference among sym-
bols due to the dispersion of the channel. An adaptive filter can be used to remove the
intersymbol interference by inverting the channel. The need for adaptive filtering arises

from alack of prior knowledge of the impulse response h and from the time variance of

the channdl.

A typical receiver is shown in Fig.2.2 [l]. A pre-filter suppresses the out-of-band
noise. A timing recovery device detects the data symbol rate so that the sampler can
work at this rate. After sampling, an adaptive equalizer, often an adaptive transversal
filter in the case of PAM data transmission, inverts the channel and removes the
interference. At the beginning, a training sequence is generated and is used to train the
adaptive filter. At the output of the filter, a dlicer is used to detect the symbols transmit-

ted. After the training period, the detected symbols are used to adapt the filter.

2.3
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Training
sequence
generator

u (k)

v
A

_ﬂ‘ Pre-filter >< . Adap IVC.L —)(-*5—) Slicer S
Linear ¢qualizer u(u-9)

Recovery

Fig.22 A receiver utilizing adaptive equalization.

2.2.2 Noise Cancdllation

A signal corrupted by additive noise can be estimated by passing it through a filter,
such as the pre-filter mentioned above, that tends to suppress the noise while leaving the
signa relatively unchanged. Prior knowledge of the characteristics of both the signal
and the noise is required for the design of fixed filters. Adaptive filters are sometimes
preferred since little or no prior knowledge of the signal or noise characteristics is

required for their design.

Adaptive noise cancellation is illustrated in Fig.2.3 [2]. The first sensor receives a

signal s plus an uncorrelated noise n;. A second sensor picks up the noise n, from the

2.4
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noise source, which is independent of the signal s and correlated in some way with the
primary noise n;. An adaptive filter provides an estimate of the noise n; using the
measured original noise n,. The estimate of the noise n; is then subtracted from the
primary signal s +»n; to cancel the primary noisen;. As explained in the following, the
adaptive filter achieves this by minimizing the power of the system output z, which is

the difference between the primary signal and the filter output.
Taking account of the assumption that s is uncorrelated with »; and >, it can be

shown [2] that

min E(:)=E(s)+ min E((n;-y)?) 2.3)
where £ indicates the expectation operator. Hence, when the filter adjusts its
coefficients so that £(z7) is minimized, E((nl—y)z) is minimized. The filter output y is

then a least square estimate of the primary noise »;. Moreover, considering

sensor 1 . .

- Primary signal s+n System output z
Signa ySg 1 e +\ -
source +

v
£
Noise — D m Adaptive
source filger
Sensor 2

Fig.2.3 Adaptive noise cancellation.

25
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I-S=ny -y 2.4
it is clear that minimizing the power of the system output by an adaptive filter minim-
izes the output noise power. This adaptive noise cancellation technique, however, is
not universal; for instance, it is not very applicable for removing the additive channel

noise in data transmission discussed above since the noise source is unknown.

These two applications clearly demonstrate the need for adaptive filters. Although
a fixed filter could be used to replace the adaptive filter in the data transmission receiver
or in the noise canceler, it would not be as effective as an adaptive filter since the
characteristics of the data transmission channel and the noise channel are usually
unknown and change slowly with time. The properties of the noise to be canceled are
also often unknown to the designer. All these make an adaptive filter preferred or neces-

sary.

2.3 Adaptation Laws

As discussed in the previous section, an adaptive filter adapts, by some means, its
coetticients to achieve a prescribed objective. A widely applied objective is minimizing
the mean square of the output error, which is defined as the difference between the
desired signal and the filter output. This is called the output-error formulation which is
the basis of the majority of the algorithms proposed in this thesis. All the adaptive
filters reviewed in this chapter are based on this formulation. Another popular formula-
tion, the equation-error formulation, will be introduced in Chapter Three for com-

parison with the backpropagation formulation developed in this thesis. One class of

2.6
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adaptation laws for the output-error formulation is gradient based, which has the fol-

lowing general expression for coefficient adjustments

kel _ ok _ -l JE (e (k)
PP =p"-uR (——ap )

where p is a vector of parameters, £ is the iteration number or number of samples, pisa

(2.5)

diagonal matrix of step sizes, R is a matrix chosen to improve the convergence rate,
E(e*(k)) indicates the mean squared error (MSE), the error signal e(k) is defined as
e(k)=d(k)- y(k), the signal d (k) is the desired signal, and the signal y (k) is the filter
output. If the matrix is chosen to be the correlation matrix of the gradient signas, the
dependence of the filter convergence on the eigenvalue spread of the gradient signals
becomes substantially reduced. In this adaptation algorithm, filter coefficients are
updated in the opposite direction of the gradient vector so that the adaptation goes

downhill on the M SE surface.

For real-time signal processing, the computation load should be reduced to a
minimum. 1f the mean squared error E (e>(k)) is approximated by the instantaneous
square error e’(k), the gradient in the above adaptation law can be replaced by its
corresponding estimate which is noisy, but unbiased. Furthermore, if the matrix R is
replaced by the unit matrix, the adaptation law becomes the well-known and most

widely used real-time adaptation law - the LM S algorithm [1-3]

ay (k)

k+1 _ Lk
P =p" +2ue(k) p (2.6)

where y is the filter output.

The step sizes of an adaptive filter control the convergence speed. Smaller step

sizes result in a slower convergence and a lower residua MSE, while larger step sizes

2.7
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cause a faster convergence and a higher residual MSE. Step sizes which are too large
make the filter unstable. Choice of step sizes depends on the filter structure, the adapta-
tion algorithm, and the properties of the input signal. How to choose a step size is well
understood for adaptive FIR filters, but not for adaptive IIR filters. All the adaptive

filters discussed in this dissertation are based on the LM S agorithm.

2.4 Adaptive Linear FIR Filters

There are two popular kinds of adaptive linear FIR filters, transversal filters and
FIR lattice filters. We discuss only adaptive linear transversal filters since knowledge
of adaptive lattice filters is not essential for discussing the algorithms presented in this
thesis. Adaptive linear transversal filters are popular because of such nice properties as
guaranteed stability and global convergence. An adaptive linear transversal filter,

shown in Fig.2.4, has the following form

y (k) =Y hiuk=i) (2.7)
i=0
where n is the filter order. « is the input signal, and h is the impulse response of the

filter.

It has been shown [4] that assuming the coefficients of an adaptive filter change

slowly, we have

op ap

where p is a filter coefficient to be adapted and Z~' indicates the inverse z-transform

k) _ -1 [8L>] 2®)

2.8
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u(k) -1 .1 -1

Desired signal d (k) +

Error signal e (k)

Fig.2.4 Adaptive linear transversal filter.

and Y (z) !isthe z-transform of the time domain variable v (k). The relationship in
Equation (2.8) permits us to carry out the derivation of gradient evaluation formulas in
both the time and z-domains. Deriving gradient formulas in the z-domain is often very
convenient for an adaptive linear filter, as we shal see in the following sections and the
chapter on linear cascade IIR filters. Obvioudly, the gradient vector of the transversal

filter coefficients is

aY(z) _
dh
where h=(hghy..h, ). Using the LMS algorithm in Equation (2.6), we can

(1z71272000 27Ty o) (2.9)

update the coefficients according to

'In this thesis. a time domain variable is in lower case and has an index &, e.g., y(k) , and its z-transform counterpart is in upper case
and has an index =, eg. Y{(z)
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h* *1 = h* + 2pe (K)uk) (2.10)
where u(k) =(uk) utk=1)---uk-m).

To simplify the statistical analysis of the LMS algorithm for a transversal filter, it
is often assumed [38] that the current input signal vector u(k) of the transversal filter is
uncon-elated with its previous values u(k—-1),u(k-2), . .. .u(0). Although the assump-
tion is often violated in practice since the input signal is colored, experiences have

shown that the results obtained are quite useful.

Considering the adaptation formula in Equation (2.10) and the assumption made
above, we can write

E (e, (k+1)) = I = 2uR)E (e (k)) (2.11)

where E indicates the expectation operator, the vector e;(k+1) is the difference of the

coefficient vector h**! and the Wiener solution hg, R is the correlation matrix of the

input signal u(k), and I is the identity matrix. It has been shown that the mean of the

coefficient error e;, goes asymptotically to zero if the step size y satisfies [38]

O<pu< (2.12)

)\'max
where L. 1S the maximum eigenvalue of the correlation matrix R. For a chosen step

Size UL =0/Umax, the convergence time constant T is

_ xmax

= (2.13)
}‘min CY.
where cx is a constant between 0 and 1 and A,y;, is the minimum eigenvalue of the

matrix R.
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In a practical application or in a simulation, step sizes should be chosen smaller
than the theoretical upper bounds obtained above because of the noise in gradient esti-
mates. The analysis presented above focuses on the necessary conditions on which the
mean coefficient error vector e;, of an FIR section converges to its Wiener solution.
However, these conditions do not guarantee a finite variance for the coefficient error
vector nor a finite mean square output error. A smaller upper bound for the step size
was obtained for an adaptive LMS transversa filter [39,40], when both the necessary
and sufficient conditions were considered. For a transversal filter having a step size [,
an input correlation matrix R with eigenvalues A;, it was shown [39,40] that the conver-

gence is ensured if

O<us— (2.14)
max
and
i HA; |
<
2 T, (2.15)

where A,.x 1S the maximum eigenvalue. A criterion, which is more conservative and

easier to use, is

1

0 < :
“HE3R) (2.16)
The convergence speed of the LMS algorithm depends on the eigenvalue spread of
the correlation matrix of the input signal. To speed up convergence. one can choose the
correlation matrix of the input signa as the matrix R in Equation (2.5) or perform

transform to orthogonalize the input signal {37].
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2.5 Adaptive Linear |IR Filters

Although adaptive FIR filters have nice properties, they are found to be expensive
for some applications, such as echo cancellation in acoustical systems, where system
impulse responses are long. Adaptive IIR filters may be computationally more efficient
for these applications. This has sparked active research on adaptive IIR filters. Severa
IR structures have been investigated, which include direct form [3,9,15,32], lattice
form [11,13], recursive state-space form [7,8], parallel form [12,14], and cascade form

[5,10,33,34].

2.5.1 Adaptive Direct-Form Filters

Adaptive direct-form filters are very popular in the literature and they can be

described as
yk)= Y aiyk—i)+ Y huk—i), (2.17)
i=1 i=0
where a; and h; are the feedback and the feedforward coefficients, respectively. The

filter output can be written in the z-domain

H(z)
Y(z)=—=U(z 2.18
(2) e (2) (2.18)
where
HG) = Shi
i=0
and
Cizy=1- ia,-:'i

i=l
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The filter described in the time domain in Equation (2.17) or in the z-domain in Equa-
tion (2.18) can be rearranged as a cascade of an IIR section I/C (z) followed by a
transversal FIR section H (z). The filter output can be rewritten as

Y(©)=H (2)Y;;,(2) (2.19)
whereY;;, is the output of the IIR section and is equal to

1
=——-U
C(z)
Hence, the gradient vector for h is obviously

Yir (2) @) (2.20)

dY (z)
dh
Differentiating both sides of Equation (2.18) with the coefficients a; results in

=1z Y () (2.21)

@) 2 ety L i
ga DT e T (2.22)
wherea=(ay ar - a, ).

The filter structure and the implementation of the gradient computation is depicted
in Fig.2.5. The IR section of the input side and the FIR section form the filter. The gra-
dient signals for the coefficients of the FIR section are the states of the section. The gra-
dient signals of the filter’sIIR section are obtained by passing the filter output through
another IIR section. With the filter structure in this figure instead of the one suggested
in Equation (2.17) the output of the IIR section y;;, (k) is computed when computing the
filter output y(k). Hence, evaluation of gradients of the feedforward coefficients 4;
according to Equation (2.21) involves no further computation. Equation (2.22) shows
that evaluation of gradients of the feedback coefficients a¢; needs only half of the com-
putation required in computing the adaptive filter output. This method of computing

gradients for the Output-error Direct-form Filter (ODF) is very efficient. These results
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were presented in [ 15] and similar results were obtained for the recently proposed linear
recursive state-space structure [7,8].

2.5.2 Adaptive Cascade | IR Filters

An adaptive filter may update its coefficients into an unstable region. It may be

important to prevent this from happening by some means, for example. a stability

: . IR section 1/C(Z)
ittt 2 . Gradient evaluation :
FIR section H (z) for filter’ sIIR section:

Y ()=0Y 1dhq =

ho

é ; S 8Y/aa1

Y 19k |
-1 E aq -_1 ;
0Y/oh, : Y /da;
% I v
=1 h : as :—1 f
oY /oh,, S : % ___ 9Y/oa,

Fig.2.5 An adaptive output-error direct-form filter and evaluation of gradients
for its coefficients.
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check. Although the direct-form structure is very popular in the literature, it does not
have an easy stability check and it aso has poor coefficient sensitivities which may
result in large residual MSE. On the other hand. an adaptive cascade IIR biquad filter
has an easy stability check and good coefficient sensitivities. It can handle multiple
poles just by allowing two sections to have identical coefficients, while the parallel
form cannot (unless the structure is modified during operation to include cascaded or
forth-order sections). For the spectral analysis application, the resonant frequencies of
the biquads of an adaptive cascade filter will be identical to the frequencies of the input
sinusoids after convergence and in the absence of noise [5]. Thisis not the case [5] for
the parallel structures [41,42] which exhibit bias. A cascade biquad filter is shown in
the upper part of Fig.2.6. If the order, n, of the system is odd, one "biquad" is a first-
order filter. The filter output can be written as

Y(z) =Bp(2)Bp-1(2) -+ B1(2)U(2) (2.23)
where B; is the transfer function of the ith biquad. Let p; indicate the coefficient vector

of the ith biquad, then we have

e CBG) o
api _Bm(h) e Bi+1(-¢) ap’ Bl—l (a) .. B 1(-)U(-) (224)

Considering that the output of the (i —1)th biquad is

Y, 1 @) =B;i1() . B (&)U(2) (2.25)
asindicated in Fig.2.6. we have

WE) _p oy p (1 BE
ap[ —Bm(-‘-) Bl+1(-‘~) ap’ Y:—l(‘-)
=GB, () ... BinYi1(2) (2.26)

wherei=1,2,....m,Yo=U,and
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Gi(2)=

9B, (z)

op;

The implementation of the gradient filters is shown in the lower part of Fig.2.6. The

gradient computation cost is quadratic in terms of the system order » and is quite high.

U@, Byz) F1C) By F20). Yus1@ B, (z) [ Y=Y (2)
Biquad 1 Biquad 2 Biquad m
G,(2) [ 2110
B3(Z) ..... - Bm(z) - G§(:) MZ
Biquad 3 Biquad m -
Br(z) | B3(@)|... Bu() | o G,(2) 9Y/9p,
Biquad 2 Biquad 3 Biquad m

Fig.2.6 A cascade biquad structure shown in the upper part, together with its
gradient evaluation in the lower part.
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2.5.3 Adaptive Linear Recursive State-Space Filters

Implementation of adaptive linear IIR filters with the recursive state-space struc-
ture has been studied [7,8]. It was found that some recursive state-space structures may
have much faster adaptation speeds and much better round-off noise performance than
the direct-form structure in some cases. An adaptive linear recursive state-space filter

can be described by the following equations[7,8]

x(k+1) = Ax(k) + Bu (k) (2.27a)

(k)= CTx(k) + du(k) (2.27b)
where X is the state variable, A is the feedback matrix, d is the feedthrough coefficient,

and B and C are the input coefficient vector and the output coefficient vector, respec-
tively.

Taking the z-transform of Equations (2.27a) and (2.27b), differentiating both sides
of the equations by a;;, which is the element at the ith row and jt4 column of the matrix
A, and solving for dY (z)/da;;, we have

Y (2)
aa,‘}‘
where X;(z) isthe jth element of the state vector X(z) and e; is a vector with the ith ele-

=CT1-A)leX;(2) (2.28)

ment being unity and the others being zero. Taking the transpose of both sides of the

above equation results in

oY (z) Toe
W=CT(ZI—A[) LCX;(2) (2.29)

Similarly, the formula for evaluation of the gradient for the input coefficient vector B

can be obtained
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oY (2)
ob;

Let F; be the gradient vector for all the elements on the jth column of A and let Q indi-

=elzI-ADYICU() (2.30)

cate the gradient vector for all the elements of B, namely

X NN 113
o ak)= 3, (231)

ij
where (F;); and g; are the ith elements of F; and Q, respectively. Writing Equations

(F;(k)); =

(2.29) and (2.30) in the time domain gives

F;(k +1)= ATF;(k) + Cx; (k) (2.32)
and

Q(k+) =ATQk) + Cu(k) (2.33)
Hence, the gradients for the coefficients A and B can be computed recursively, using
the systems in Equations (2.32) and (2.33), which are similar in structure to the filter

itself. The gradients for the output coefficient vector C and the feedthrough coefficient

d can be easily obtained

—ag(c—) = X(z) (2.34)
YE) _ (2.35)
3d ’ '

Using the LMS algorithm, the filter coefficients are updated according to

alit = al; + 2u,e (K)(F (), (2.36)
b = bf + 2upe (k)qi k) (2.37)
A= b 2p e (k)x (k) (2.38)
d*t = d* + 2uge (Ku(k) (2.39)

where W,, Up, e, and Wy are step sizes.
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Computing gradients for A and B using Equations (2.32) and (2.33) is very
efficient: one gradient filter is able to compute gradients for all the elements of B or al
the elements of a column of A, compared to a simple-minded method which needs one
gradient filter for each element of B or A. It is aso shown [7,8] that it is possible to
adapt a single column or row of a recursive state-space filter and reduce the total
number of gradient filters to one. These single row or single column adaptive filters are
shown to have superior convergence properties compared to direct-form filters in over-

sampled applications when the desired poles can be estimated.

2.6 Adaptive Nonlinear Filters

System linearity is often assumed in many adaptive signal processing applications.
Nonlinearities in real applications limit system performance. Thus, modem signal pro-
cessing theory and practice are becoming more and more concerned with the design of
efficient nonlinear filters. One approach to designing adaptive nonlinear filters is based
on the truncated Volterra series. From a theoretical point of view, the Volterra filter is
attractive since it can deal with a general class of nonlinear systems while its output is
still linear with respect to various higher power system coefficients or impulse

responses.

For a nonlinear system satisfying certain conditions, the output y (k) can be

expanded into a Volterra series

VO =S hiG U=+ Y S oGy inu (k=i Dutk=iz) + - +
i=0 i,=0 i,=0
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Z th(il’iz. "',in,)lt(k—il)ll(k—[z)"'ll(k—f”1)+ (240)
=0 i,=0
where hy,hs, ..., h,,..., ae the coefficients of the system. The sum with # can be

considered as a convolution of the input signal, « (k), with the impulse response, h (k),
of alinear system. This sum is a linear term. The sum with 4; will be referred to as ith
power term, since if the input « (k) is multiplied by a scalar a, this term will yield a fac-
tor o. In particular, the sum with 4, and the sum with h 3 will be referred to as the
quadratic term and the cubic term, respectively. The linear term models the linearity of

the system; the rest of the series models the nonlinearity.

Generally speaking, the series has an infinite number of terms and each term is an
infinite sum. The computation and memory requirements make it impossible to base
adaptive filters on this series if no simplification is made. In practice, the series is able
to model many system reasonably well if it just contains the several major terms and
each term is a finite sum. Thus, the truncated series can be employed to construct adap-
tive filters. Furthermore, we can consider that hs(iy,iz), h3(i1,i2i3), and
(1,02, ,i,) are symmetric, namely, the indexes of h,(iy,i2),h3(i1,i213),0r
hn( 1,2, ,i,) are exchangeable. Then, an adaptive nonlinear filter can be based on

the following truncated series

y(k)=§1:h1(i1)u(k—z'1)+ Z Z ho( iDuCk=iDuk=i)+ -+ +

=0 1,=0 iy=i,
X Y hy(igada i u k=i Dulk=ia) - u(k—iy) (2.41)
i,=01,=i, b=l

where m is the total number of terms in the filter, »; is the order of the linear term, and

no,ns3,.... andn, are the orders of the nonlinear terms. Note the changes in the upper
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and lower limits of the summations in the nonlinear terms, which are the results of
assuming that 45,43, . ... and k,, are symmetric and assuming each sum is finite. Obvi-
oudly, this filter has a finite impulse response, hence the name adaptive nonlinear FIR

filter.
Updating the Volterra filter coefficients is often based on the LMS concept and is
performed as follows [16-20]
RE* UGy in, -0 = REG i, ) +

2uje (ou (k=i u (ki 2) - u(k=ij) (2.42)
wherej =1,2,.... mandy, is the step size for the jth power term. A quadratic Volterra

filter is the one with the linear term and the quadratic term. Study of an adaptive qua-
dratic filter has shown [16] that when the input signal is Gaussian, the LM S-based qua-
dratic Volterra filter converges to the optimum solution asymptotically in the mean and
the convergence speed depends on the squared ratio of maximum to minimum eigen-

values of the input correlation matrix.

A variant of the LMS algorithm, the sign algorithm [22], updates the filter
coefficients using only the sign of the gradient. It uses only the direction of the gradient
and loses the proportionality of the correction terms to the error. Therefore, the sign
algorithm offers a slower and less accurate convergence in comparison to the stochastic

algorithm, while leading to reduced-complexity implementation.

The gradient-based adaptive agorithms use a step size to control the convergence.
The step size is fixed in most existing nonlinear adaptive algorithms. A technique for
adjusting the step size was proposed in [21] for the sign algorithm presented in {22] in

order to obtain faster convergence and reduce fina MSE without excessively affecting
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the advantage of the sign algorithm in the implementation complexity. It was shown
that the structure resulting from the modified sign algorithm still remains much simpler

than that related to the stochastic iteration algorithm.

An adaptive quadratic Volterra filter with minimum mean square error criterion
was presented in a series of papers[16,29,31]. The order n, of the linear term and the
order n, of the quadratic term were chosen as the same and were indicated by N. The
guadratic Volterra series was written as

¥ (k) =HiuGk) + tr (Ha [u(ou’ ()R, 1} (243)
where
Hy= (7O k() h(N=-DT

u(k) ={uk)utk=1)--utk-N+117

h>(0,0) ~  h(O,N-1)
H, . .
ha(N=1,0) . . hy(N=1,N=1)
r@ . . r(N=1)
R=| - -
FN=-1) . . r(0)

where r indicates the correlation of the input signal «:

r(j)=E@&uk=j))
Theterm —tr (H>R,,) is the dc component and is included to keep the estimate unbiased.

When the input signal is Gaussian, the least mean square solution of the quadratic Vol-

terrafilter is as following:

H, = RZI Vdu (244)
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| _
H, = ERuleuRul (245)
where v,, is the correlation vector whose e ements are defined as

Vau (i) = E(d(k)u(k—i))
and T, is the cross-bicorrelation matrix whose elements are defined as

1qu (0, ) = E(d(k)utk —Duk —j))
Direct solution of the matrixes H; and H, based on Equations (2.44) and (2.45) is

called the batch-processing method [31].

Most adaptive Volterra filters work in the time domain. A frequency domain
adaptive Volterra filter was presented in [18]. For a finite memory of length N, the filter
converges to the equivalent time domain nonlinear adaptive filter presented previously.
For a quadratic Volterra filter, the proposed method requires 0 (N) multiply-adds for

N outputs as opposed to an O (N 3) for the time domain.

The agorithms discussed above are based on the LMS concept. An algorithm
based on a fast Kalman filter algorithm was presented in [ 19]. The algorithm developed
is for a quadratic Volterra filter. It uses a stochastic approximation in the least square
recursion equation for the quadratic weight matrix. The convergence of the algorithm
for the quadratic weights was established. In a simulation experiment, the algorithm

proposed converged faster than an LM S-based adaptation algorithm.

An adaptive nonlinear FIR filter was proposed based on a three-section model [27]
rather than a Volterra series. It has three cascaded sections: linear system with memory,
followed by a nonlinear memoryless system and then followed by another linear system

with memory. This structure results in an efficient adaptive nonlinear filter which is a
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special case of an adaptive Volterra filter. The LMS agorithm was applied to update

the coefficients.

2.7 Applications of Adaptive Nonlinear Filters

Adaptive Volterra filters find their application in many fields. Typical applications
include echo cancellation [23,24,261, equalization [28,30] and noise reduction [17,20]

for communication channels.

In recent years adaptive echo cancellation has been extensively investigated in
connection with some new services introduced in the telephone network because it
alows for full-duplex transmission on two-wire circuits with full bandwidth in both
directions. Application of this concept can be found in digital subscriber loop modems
and voiceband data modems. A theoretical study of echo cancellation was conducted in
[24]. The coefficients of the continuous-time Volterra series were represented by gen-
eralized Fourier series. It was proved that the proposed echo canceler converges and
reduces the echo to zero in the absence of noise. A nonlinear echo canceler based on a
Volterra filter was presented in [26]. The hardware realizations were based on combina-
torial networks obtained by using distributed arithmetic. An adaptive nonlinear echo
canceler was developed for data signals in [23]. A binary series expansion of a non-
linear function of the data was derived, which has the form of the Volterra series and
has finite terms. Based on this expansion, an LMS adaptation, together with its

hardware implementation, was developed.
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Nonlinear distortion is now a significant factor hindering high-speed data
transmission over telephone channels. Equalization must be adaptive since nonlinear
distortion varies from one connection to another and also varies with time for each par-
ticular connection. Receivers utilizing nonlinear equalizers have been studied in [28,30]
for passband QAM which is the preferred modulation scheme for achieving high data
rates. The channel model was a three-section model discussed in the previous section.
Equalization was achieved in [28] by utilizing an adaptive nonlinear filter in series with
the nonlinear data channel to invert the channel. Simulations on recorded data from
real channels have demonstrated that nonlinear decision-feedback equalization can
significantly reduce the error rate for a variety of channel characteristics. Cancellation
of nonlinear intersymbol interference in [30] is performed by employing an adaptive
nonlinear filter in parallel with the channel to provide an estimate of the interference.
The cancellation approach removes nonlinear interference terms without excessive
noise enhancement and allows effective implementation with ROM’s to generate the
needed nonlinear signal variables. An orthogonalized version of the Volterra series was

employed, resulting in an increased ability to correct for channel nonlinearities.

An adaptive nonlinear FIR filter was studied for noise cancellation in [17], where
noise channels are assumed to consist of a nonlinear memoryless section followed by a
linear dispersive section. An adaptive nonlinear filter was designed using this model.
Including nonlinearity in the noise canceler was shown to increase the ability of the
canceler to remove noise from the received signal. In a simulation, the nonlinear can-
celer achieved 22.3 dB of noise suppression, whereas the linear canceler was capable of

suppressing the interference by only 6.4 dB.
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Modern digital radio systems utilize highly bandwidth-efficient QAM modulation
techniques to make use of the crowded microwave radio spectrum. The system becomes
more sensitive to all types of linear and nonlinear distortion as the number of constella-
tion points grows, To achieve maximum efficiency, the high-power amplifier of a
transmitter operates in saturation, resulting in a nonlinear distortion in the transmitted
signal. This nonlinear distortion becomes a critical issue. An adaptive linearization
technique was presented in [36] which compensates for amplifier nonlinearity. It pre-
distorts the signal before the amplifier. The algorithm operates in real time and is data
directed. Development of the algorithm assumed that the power amplifier is memory-
less and required that the signal not be filtered before the amplifier. Hence, the adaptive
linearizer is also memoryless. The performance of the linearizer was further analyzed
in[35].

Although most of the applications of adaptive filters are in communications sys-
tems, some work has been done to apply these filters in other fields. An adaptive qua-
dratic Volterra filter was employed to model and forecast the sway motion response of a
moored vessel to random sea waves [29,31]. Two procedures, batch-processing and
adaptive, to implement the the filter were presented in these two papers and were dis-
cussed in the previous section. The batch-processing method uses the correlation and
cross-bicorrelation functions to evaluate the quadratic filter coefficients. On the other
hand, the adaptive method updates the filter weights as a new observation is available.
Experimental results based on a scaled model wave basin test were used to demonstrate

the utility of the nonlinear filters.
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2.8 Summary

In this chapter, the principles of the adaptive linear and nonlinear filters were dis-
cussed and the research work in this field was briefly reviewed. The LMS algorithm, on
which all the adaptation algorithms presented in this thesis are based, was introduced.
The adaptive linear transversal filter was discussed. As well, adaptive linear IIR filters,
with emphasis on the direct-form, cascade form, and state-space form filters, were
described. Finally, the Volterra theory and adaptive nonlinear FIR filters were

presented, together with their applications.
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Chapter Three

Adaptive Backpropagation Cascade | IR Filter

3.1 Introduction

An adaptive linear IIR filter has advantages in computation when a system is
better modeled by a pole-zero transfer function than by a zero-only function, especially
when poles are close tothe unit circle in the z-domain. Several structures have been
proposed for adaptive linear IIR filters, including direct form [1-4], lattice form [5-7],
cascade-form [8-11], parallel-form [ 12,131, and recently, state-space structures [14].
Among them, the direct form is most popular in the literature. However, an adaptive
filter may go unstable during adaptation and it is difficult to ensure stability of a direct-
form filter with an order above two. It also has very poor sensitivity performance,
which means that a slight change in a coefficient will result in a large change in filter
output. This is undesirable for an adaptive filter since its coefficients are constantly
affected by measurement noise and quantization noise. Both cascade form and parallel
form have an easy stability check and low sensitivities. The parallel form has

difficulties implementing a multiple pole.

A cascade IIR structure was developed for both the output-error formulation [10]
and the equation-error formulation [11]. It implements the filter denominator in cas-
cade form and the numerator in transversal form. An adaptive cascade filter, composed
of IR notch biquads, was developed for the output-error formulation in [8], which is

suitable for detecting and enhancing multiple sinusoids in applications in
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communications and radar. Another cascade IIR filter was presented in [9] using the
equation-error formulation, where the second-order sections are expressed in terms of

their roots and these roots, rather than the section coefficients, are adapted.

One problem of adaptive cascade filters is the complexity of computing filter gra-
dients, which is normally quadratic in the filter order. To solve this problem, an
efficient cascade IR filter has been proposed based on a novel concept of backpro-
pagating the desired signal [15]. The filter consists of a transversal section and cas-
caded all-pole second-order sections. The computation for adaptation is about the same
as that required by the filter itself when the LMS algorithm is used. It has been shown
that the equation-error formulation is only a special case of the method of backpro-
pagating the desired signal. The adaptive filter presented here has a similar structure to

thosein {10,11], but requires much less computation.

3.2 Backpropagation Formulation

The popular output-error formulation minimizes the error computed at the filter
output side. This section proposes a different scheme in which a desired signal is back-
propagated and intermediate errors are generated, then the filter adjusts its coefficients
to minimize the intermediate errors.

The complexity of gradient computation of a conventional output-error cascade
filter is due to the fact that the filter objective is minimization of the error at the filter

outpuc and’ gradtenc signals of 4 section fAave (o pass ffie subsequent Sections fo form

gradient signals at the filter output side. If some kind of intermediate errors can be gen-
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erated and intermediate errors, instead of the output error, are minimized, the computa-
tion will be more efficient. A structure with cascaded sections is shown in the upper
part of Fig.3.1. The transfer function T;(z) can be arbitrary as long as its inverse is
stable. The desired signal can be backpropagated into the system with cascaded inverse
filter sections. Then, we can employ the intermediate desired signals to generate the
intermediate error signals and adapt the coefficients. We now apply this idea to a cas-

cade IIR filter.

The filter shown in the upper part of Fig.2.6 is not suitable for backpropagating the
desired signal due to possible instability caused by inverting the numerators of the
pole-zero biquads. If the desired signal is not backpropagated through the transversal

section, the filter structure shown in the upper part of Fig.3.2 satisfies the stability

z Yi(2) Y2(z) Y(z)
% Tl(z) T'.Z(:) Tm+l (:) >
E ! (:) +; Eln(:)
' T (@) oo
Dy(2) 2@ D, (z) 1) D(2)=D,, ()

Fig.3.1 Backpropagation of the desired signal for a general cascade filter.
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requirement of the backpropagation method. An nth order tilter is described by a

transversal section

Y (2)= H@U() (3.1)

and m all-zero second-order sections

1

Yic)y=——=Y;4(z) =12, -, m
Cita) " (32)

where

H(z)= Y hz™,

i=0
C[(S) =1 —a,-lz‘l —Cl,‘Q_Z-z,

Yo(z) =Yg (2),

and

Yn(z)=Y(2)
The parameter m is equal ton /2 if the order n is even, otherwise it is equal to (n+1)/2

and one of the “second-order” section is in fact a first-order section. The intermediate
desired signals and the intermediate errors are generated as shown in Fig.3.2. The
transversal section H and the all-zero second-order sections C; can be adapted to

minimize the intermediate errors.

It is clear that the coefficient vector h of the transversal section H can be updated

like that of an LMS transversal filter:

h**! =" + 2ue | (k) (3.3)
where u(k) = (uk) uk-1) - u(k—n) )T andh=(hgh; - h, )T.

Since the signals D;,(z),D;+2(z),...,Dp41(z)( Where D, ,1(z)=D(z)) are

independent of the coefficients of the filter section C;, the derivatives of the signa D;
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with respect to the coefficients of the section C; are nonrecursive:

oD;(z)
8a,~

where the vector a; = (a;| d;> )T. These coefficients can also be updated like those of

=—( ;b2 )TD,'+1(Z) 3.4

an LMS transversal filter:
af ™t =af +2u, €i(k)d; 41 (K) (3.5)
where d;; (k) = (dj1 (k=1) dis (k=2))".

Each all-zero second-order section C; is guaranteed to be stable and has a global
minimum, although there is a possible bias in coefficient estimates when a measure-
ment noise is present. An all-pole second-order section 1/C; copies coefficients from its
corresponding all-zero second-order section C;, as indicated by the dashed lines in

Fig.3.2. The intermediate errors are related to the output error by

4 Y. (2)
U@) H(/) Y@ oo EAEN ey BR@ TG e ) ERD

/El(:) CE\G)
+ Copy

¥ \ 1
C -

Dy (z) 1(%)

v

ar
D3(Z) Dm(:)

Dlzl+l (:)=D(Z)

Fig.3.2 Adaptive Backpropagation Cascade Filter (BCF).
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E2)=Ci()Cin(2) -+ CuE() i=1,2, -, m
The intermediate errors are the filtered versions of the output error. Multiple objective
functions are simultaneously minimized and they are closely related. It is clear that if
the intermediate errors are zero, the output error is zero and perfect matching between
the filter output and the desired signal is achieved. However, in other cases, minimiza-
tion of the intermediate errors is not equivalent to minimization of the output error. To
see the effects of noise, we can write the intermediate error as
Ei(2)= E{0)+ CiCim @) Ca@N@) i =1, 2 ---.m

where N is the noise on the desired signal, and E; is the error signal without noise. The
filter attempts to minimize the mean squares of the intermediate error signals plus
filtered noises. Hence, the noise will definitely introduce bias in coefficient estimates
just as in the equation-error formulation.

In the rest of the chapter, the sections C; will be referred to as the all-zero second-

order sections and the section H will be referred to as the transversal section. The sec-

tionsC; and H will be collectively called the FIR sections.

3.3 Convergence Analysis

The all-zero second-order sections C; and the transversal section H are adapted in
a similar way in which an LMS transversal filter is adapted. However, rigorous analysis
of the convergence of the backpropagation cascade IR filter is much more difficult

because there exists interaction among the different FIR sections.
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Similar to analysis of mean coefficients of an adaptive LMS transversal filter dis-
cussed in Section 2.4, we can assume adaptation is so infrequent that the current input
signal vector of each FIR section (H,Cy,.... or C,,) is uncorrelated with its previous
values. Additionally, Wiener solution of each FIR section is assumed to be independent
of the desired signal of that section. Under those strong assumptions, it is expected that

the mean value of the coefficient error goes asymptoticaly to zero if

0<y <
, )\imax (37)
and the mean vaue of the coefficient error goes asymptotically to zero with a finite
variance if
O<y < L 3.8
ST 38
where i=0,1,2, -+ ,m andi=0is for the transversal section H,A;,,,. iS the max-

imum eigenvalue of the correlation matrix R; of the input signal of the ith section. The
bounds 1/A;,... and 1/(3trR;) will be referred to as the zero-mean upper bound and
finite-variance upper bound, respectively. Interaction between different sections may

require lower upper bounds.

The convergence time is expected to be

Xin 1@y

Q; }\'imin

1= (3.9
for a step size W; =o;/Ajn.» Where o is a constant between 0 and 1, and A,,,;, is the
minimum eigenvalue of R;.

The convergence time for the whole cascade IIR filter should be greater than or

egual to the worst convergence time of al the FIR sections:
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T 2 max ( To, T1, T2y, =0 LTy, ) (310)

3.4 Stability Monitoring

An adaptive filter will be unstable if a pole of an adaptive IIR filter stays outside
the unit circle long enough. This instability can be prevented by checking the pole loca

tions. One mgjor advantage of the cascade structure is its easy stability check.
It can be shown that the stability region of an all-pole second-order section is a tri-
angle which is defined by [ 2]

1+d1-u>>0, 1-a;;—a»>0, and 1 +a;»> 0. (3.11)

The triangle is drawn in Fig.3.3.

This stability condition can be easily monitored during adaptation. An unstable
update might be corrected by reducing step sizes. Once an unstable all-pole second-
order section is detected in an iteration, the filter coefficients are computed again using
smaller step sizes for the feedforward and feedback coefficients with the same gradients
and error signal(s). If there is still at least one unstable all-pole second-order section,
the filter coefficients will not be updated for that iteration. This is one of many possible
ways of implementing stability monitoring and it is the one used in the simulations of
this chapter.

An adaptive filter is essentially a time-variant system. The concept of pole is an
approximation. The stability monitoring technique discussed above is based on this
approximation and is not strictly required for convergence. When an adaptive filter

enters an unstable region without stability monitoring, the MSE will increase and the
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Xmsable region

-1 \

\ a; 1

Stabk rch()n\

-1

Fig.3.3 The stability triangle of an all-pole second-order section.

adaptation algorithm tends to push it towards a stable region. Whether the filter remains
stable depends on such factor as how far the filter has gone into the unstable region.
Stability monitoring may reduce convergence rates if an adaptive filter is always forced

back into a stable region after its poles enter an unstable region.

3.5 Comparison with Equation-Error Formulation

The equation-error formulation was developed for a direct-form adaptive filter [2].

In the equation-error approach, the feedback signal is replaced by the desired signal so
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that the feedback coefficients are updated in an all-zero, nonrecursive form. The filter
output is

YE)=A@D @)+ H@G@)U(2) (3.12)

where

A @)= Yaz™, H@=Y hz™
i=I i=0
Fig.3.4 gives a popular pictoria description of the Equation-error Direct-form

Filter (EDF), where Y, 1S the filter output. The error signal is

EC)=0-A@)DE)-H(E)U(2) (3.13)
which suggests Fig.3.5. Comparing Fig.3.5 with Fig.3.1, we find that Fig.3.5 shows that

Uz) Y output (2)
— H(z/ 1/(1-A () | Loupul
o L
+ _ Y (2)
+ + Copy
Y
E(z)

3
D)

Fig.3.4 Equation-error formulation.
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the equation-error formulation is just a specia case of the backpropagation formulation

illustrated in Fig.3.1 when there are only two cascaded sections.

3.6 Simulation Results

The algorithms proposed in this chapter have been simulated on a model matching
problem, in which an adaptive filter attempts to match the transfer function of a refer-
ence system. A third order system has been used as a reference system in the ssimula-
tions:

y(k)=0.5765y (k-1]— 0.7810~ (k-2) + 0.3821~ (k-3) +

uk)+ 1.6751u k-1 + 1.6751u(k=2) + u (k-3) (3.14)
where the system poles are 0.5122 and 0.0321+0.8643/ and zeroes are -1 and

4
ve) H(% YirG)l 114 o)) —2
E(z) /b E(z) Copy
N ¥
L -4l 2@
\

Fig.3.5 Alternative view of the equation-error formulation.

311



Cascade - F.X.Y. Gap

—-0.337520.9413..

For the cascade filter. the section C, is an al-pole second-order section whose
optimal coefficient vector is a,=( 0.06429 -0.748 ). The section C  is an dl-pole
first-order section whose optimal coefficient is a;= 0.5122. The optimal coefficient

vector of the transversal section Hish=( 1 1.6751 1.6751 1).

In all the tests, the mean sgquare errors (MSE) were computed using a data block of
100 samples. The input was a white Gaussian signal with unit variance (0dB). The
initial values of the adaptive filter coefficients were set to zero. Three sets of simula-
tions have been performed using the three adaptive filters: Output-error Direct-form

Filter (ODF) of Fig.2.5, BCF of Fig.3.2, and EDF of Equation (3.11) or Fig.3.4.

In the first set of simulations, there was no additive noise on the reference signal
(desired signal) and the step sizes were chosen so that the adaptive filters reached the
computational noise floor (about -300dB) in the least number of iterations. The step
sizes for the sections C; and C, were chosen the same for convenience. The conver-
gence curves of the first set of smulations are the lower ones in Figs.3.6-8. Both the
BCF and the EDF employ the backpropagated desired signals. So, it is interesting to
compare the BCF with the EDF. Figs.3.7 and 3.8 show that the BCF had smoother
curve and bigger step sizes. The ODF and the EDF had to use smaller step sizes
because of the higher sensitivities of the direct-form structure. That the ODF and the
EDF had spikier curves is also directly due to the higher sensitivities. These spikes are
undesirable and although they can be reduced by using smaller step sizes, this will

result in even slower convergence.
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Fig.3.6 Convergence curves for the Output-error Direct-form Filter (ODF). Upper curve: ad-

ditive noise of -80 dB. step size for IIR section = 0.0015 and step size for transversa
section = 0.015. Lower curve: no additive noise, step size for IIR section = 0.002 and
step size for transversal section = 0.03.

In practice, the reference signal is often contaminated by an additive noise, called
measurement noise. An independent white noise of —80d4B was added to the reference
signa to investigate the performance of the filters in the presence of measurement
noise. The second set of simulations were performed under this condition. Suppose the
adaptive filters are used to suppress echo in a data transmission channel. In such an
application, the MSE is required to be less than about —60dB. Here, we require the MSE
of an adaptive filter be below -704dB, allowing a safe margin. The step sizes were
chosen so that the filters satisfied this MSE requirement in the least number of itera-

tions. The convergence curves of the second set of simulations are upper ones in
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Figs.3.6-3.8. The BCF converged after 2.3k iterations. The EDF converged at 5.0k
iterations, while the ODF at 3.8k iterations. Fig.3.9 shows MSE contour with an adapta-
tion path for the BCF. The adaptation path of the BCF is not normal to the contours
because the BCF minimizes the intermediate errors and the contours were drawn using

the output error. No visible bias in the filter coefficients was observed in the contour of

the BCF because the noise level was modest.

In the above simulations, no stability check was employed. Instability of an adap-
tive filter can occur, which might be caused by, for example, a surge of measurement
noise, large step size. and/or large gradients due to steep performance surface. A third
set of simulations were performed based on the second set of simulations. All the con-
ditions in the third set of simulations were the same as those of the second set, except
that there was a measurement noise surge from sample 600 to 1000. The ODF, the
BCF, and the EDF went unstable without stability monitoring when the measurement
noise surge floor became high. Then stability monitoring was activated for the BCF,
and the simulation was performed again. It remained stable and converged well. As
expected, it worked well even if the noise level was very high. Fig.3. 10 shows the con-
vergence curve of the BCF with a noise of 264B (standard deviation of 20), which
shows a typical behavior of the BCF with stability monitoring. The filter worked nor-
mally before and after the noise surge. It had a high MSE level (but remained stable)

during the surge because the gradient estimate was greatly corrupted.

In the following, the theoretical and practical maximum step sizes alowed for
convergence are computed and compared. No measurement noise is added to the

desired signal.
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Fig.3.7 Convergence curves for the Backpropagation Cascade Filter (BCF).
Upper curve: additive noise of -80 dB, step size for all-pole second-
order section = 0.004 and step size for transversal section = 0.049.
Lower curve: no additive noise, step size for all-pole second-order sec-
tion = 0.006 and step size for transversal section = 0.09.
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Fig.3.8 Convergence curves for the Equation-error Direct-form Filter (EDF).
Upper curve: additive noise of -80 dB, step size for feedback section =
0.003 and step size for transversal section = 0.015. Lower curve: no ad-
ditive noise, step size for feedback section = 0.005 and step size for
transversal section = 0.07.
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Fig.3.10 Convergence curve for BCF with measurement noise of 26 dB. Step size for al-pole
second-order sections = 0.004 and step size for transversal section = 0.049.

Since the input signal is white Gaussian signal with a unit variance, the zero-mean

upper bound for the step size of the transversal section H is unity, namely

Ky = 1 (315)
and the finite-variance upper bound is

i, = 0.08 (3.16)
The input signal of the all-zero second-order section C is the desired signal - the

output of the reference physical system. The eigenvalues of the input-signal correlation

matrix of this section are

eigenvalues of R 4 =( 3.7290 22.5310 )7 (3.17)

The zero-mean upper bound for the step size of the second-order section C» is
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1= 0.044 (3.18)

and the finite-variance upper bound is
L= 0.013 (3.19)
To compute the correlation matrix of the input signal d, of the all-zero first-order
section C |, the optimal coefficient values were assigned to C,. The eigenvalue of the

correlation matrix is 22.85. The zero-mean upper bound for the step size of Cis

1= 0.0438 (3.20)

and the finite-variance upper bound is
L =0.015 (3.20)
Simulations were performed to see what the practical values of the maximum step
sizes are. When experimenting a step size for an FIR section (for example, section H),
we set optimal values to other two FIR sections (for examples, sections C; and C»). It

was found that the practical maximum step sizes allowed for the sections H,C, and

C, were
;= 0.19
fy= 0.0175 (3.23)
and
u>»= 0.0175 (3.29)

They are between their corresponding zero-mean bounds and the finite-variance upper
bounds.
Simulations were petformed to show the effect of the interaction of different sec-

tions on the choice of step sizes. The coefficients of the all three FIR sections were

adapted initially from zeros. The filter converged when all the step sizes were reduced
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to their corresponding practical maximum step sizes divided by 3.5. This shows that

the interaction among different sections makes smaller step sizes necessary.

3.7 Summary

This chapter has studied adaptive cascade IR filters which have an easy stability
check and low parameter sensitivities. A novel concept has been proposed, which sug-
gests backpropagating the desired signa through the inverse all-pole second-order sec-
tions and producing intermediate errors to be minimized. This concept was applied to a
cascade IIR structure. resulting in an efficient adaptive cascade IIR filter. It has been
shown that the equation-error formulation is just a special case of backpropagation of

the desired signal.

References

[1] H. Fan and W.K. Jenkins, “An Investigation of an Adaptive IIR Echo Canceler:

Advantages and Problems,”/EEE Tram, on Acoustics, Speech, and Signal Pro-
cessing, vol.36. pp. 1819- 1834, Dec. 1988.

[2]7J.J.Shynk, “Adaptive IIR Filtering." |IEEE ASSP Magaczine, pp.4- 21, April 1989.

[3] C.R. Johnson. Jr., “Adaptive IIR Filtering: Current Results and Open Issues,” |EEE

Tram. on Information Theorv, vol.IT-30,pp.237-250, March 1984.

[4] F.F. Yassa, “Optimality in the Choice of the Convergence Factor for Gradient-

Based Adaptive Algorithms,” |EEE Trans. Acoustics, Speech, and Signal Pro-
cessing, vol. ASSP-35, pp. 48-59, Jan. 1987.

[5] D. Parikh, N. Ahmed, and S.D. Stearns, “An Adaptive Lattice Algorithm for Recur-

sive Filters,” IEEE Tram. Acoustics, Speech, and Signal Processing, vol.
ASSP-28, pp.110-112, Feb. 1980.

{61 N.I. Cho, C.H. Choi, and S.U. Lee, “Adaptive Line Enhancement by Using an IIR

lattice Notch Filter,” |EEE Trans. on Acoustics, Soeech, and Signal Processing,
vol. 37, pp. 585-589, April 1989.

3.20



Cascade - F.X.Y. Gao

[7] I.L. Ayaa, “On a New Adaptive Lattice Algorithm for Recursive Filters,” 1EEE
Trans. Acoustics, Speech, and Signal Processing, vol. ASSP-30, pp. 316-319,
April 1982.

(8] T. Kwan and K.W. Martin, “Adaptive Detection and Enhancement of Multiple
Sinusoids Using a Cascade IIR Filter,” IEEE Trans. on Circuits ad Systems,
vol. 36, pp.937-947, July 1989.

[9] Y.H. Tam, P.C. Ching, and Y.T. Chan, “Adaptive Recursive Filters in Cascade
Form,” IEE Proc., vol. 134, Pt. F, Comm., Radar & Signal Processing, pp.245
252. June 1987.

[10]R.A. David, “A Modified Cascade Structure for IR Adaptive Algorithms’ Proc.
of 15th Asiiomar Conference on Circuits, Systems, and Computers, pp. 175-179,
Nov. 1981.

[11] R.A. David, “A Cascade Structure for Equation Error Minimization,” Proc. of
16th Asilomar Conference on Circuits, Systems, and Computers, pp. 182-186,
Nov. 1982.

[12] M. Nayeri and W.K. Jenkins, “Alternate Readlizations to Adaptive IIR Filters and
Properties of Their Performance Surfaces’ |EEE Trans.on Circuits and Sys-
tems, vol. CAS-36. pp. 485-496. April 1989.

[13] J.J. Shynk, “Adaptive IIR Filtering Using Paralel-Form Realizations,” 1EEE
Trans. on Acoustics, Speech, ad Sgnal Processiq, vol. 37, pp. 519-533, April
1989.

(14] D.A. Johns, W.M. Snelgrove, and A.S. Sedra, “Adaptive Recursive State-Space
Filters Using a Gradient Based Algorithm,” IEEE Trans.on Circuits and Sys-
tems, vol. 37, pp.673-684, June 1990.

[15] F.X.Y. Gao and W.M.Snelgrove, “An Efficient Adaptive Cascade IIR Filter,”
Proc. of |EEE International Svmposium on Circuits and Systems, pp.444-447,
June 1991.

321



Linearization - F.X.Y. Gao
Chapter Four

Adaptive Linearization Schemes for
Weakly Nonlinear Systems

4.1 Introduction

System linearity is desired in many applications where nonlinearities exist. Some
applications where linearization is necessary include

— Integrated continuous-time filters, where resistors are sometimes replaced by

transistors[ 1] which suffer from substantial nonlinearity at large signal swings.

— Optical communication, where distortions caused by the noniinearities in the

analog drive circuitry and LED or laser can be significant [2].

— Sound reproduction systems, where a loudspeaker has a few percent of non-

linear distortions [3-6,11,12].

— Digital microwave radio systems. where a critical issue in bandwidth-efficient

QAM is the nonlinearity of the high-power amplifier in a satellite. Adaptive pre-

distortion methods have been proposed to compensate for the nonlinear distortion

[7,8].

There are some drawbacks to the existing linearization approaches. Most of the
linearization methods for integrated continuous-time filters require device matching
which can only be satisfied to a certain degree due to manufacturing fluctuations. The
feedback technique has difficulties linearizing systems containing a lot of delay, such as

air-path delay in a loudspeaker system. Most of the existing methods rely on fixed
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circuits or devices, thus their performance will be degraded by aging, temperature, and

an ever-changing environment.

Adaptive approaches may provide a good solution for some of the applications.
Three new adaptive linearization schemes [9] and application of one of the schemes to a
loudspeaker {10] are presented in this chapter. The three schemes are linearization by
cancellation at the output, linearization with a post-processor (post-distortion), and
linearization with a pre-processor (pre-distortion). Adaptive FIR filters are employed to
furnish necessary estimates. The post-distortion scheme and the pre-distortion scheme
are suitable for weakly nonlinear systems. The weaker the nonlinearities are, the more
reduction in nonlinearity these two schemes can achieve. The scheme of linearization
by cancellation at the output can be applied to problems with stronger nonlinearities
and is able to give perfect nonlinear cancellation if the adaptive nonlinear filter pro-
duces a perfect estimate of the nonlinear part of the physical system. Each scheme may

have applications where it is the preferred method.

As an application, linearization of a loudspeaker is investigated. A loudspeaker
has nonlinearities which sometimes severely degrade the fidelity of the sound repro-
duced. The maor nonlinearities in a loudspeaker include nonlinear suspension and
non-uniform flux density [3-6,11,12]. The effect of suspension nonlinearity is propor-
tional to the amplitude of the cone movement and thus can be reduced by some conven-
tiona techniques, such as a well designed vented baffle or a suitable horn. but at the
cost of increasing size or limiting power. The distortion caused by the non-uniform flux
density can be reduced by a careful design using conventional design techniques. All

these considerations add extra constraints in design. The adaptive pre-distortion
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approach proposed in this chapter may be used aternative to or in addition to the con-
ventional design approaches and may result in a substantial reduction in nonlinear dis-

tortions or again in design flexibility or acceptable power levels.

4.2. Linearization by Cancellation at the Output

As discussed in Section 2.6, the Volterra series represents a nonlinear system by

two subsystems:. one purely linear and another purely nonlinear. This is described nota-

tionally by !

.vp (/‘) = pr (k) + pr (k)

= [Lpy(W)I(k) + [N, ()] (k) (4.1)
where y;, is the output of the linear subsystem with linear operator L,,, v, is the output

of the purely nonlinear subsystem with nonlinear operator N, and {L, («)](k) indicates

an operation L, on the sequence « evaluated at time k.

It is obvious that we can linearize a nonlinear system by subtracting an estimate of
the output of the purely nonlinear subsystem from the output of the physical system.
This estimate N (1) can be obtained from an adaptive nonlinear filter. The adaptive

linearization scheme is shown in Fig.4.1. This scheme is simple and effective.

However, for some applications, such as a loudspeaker system, it is hard to per-
form signal subtraction at the output side of a system. In some cases, it is desirable or
necessary to pre-distort a signal at the input side of a system, while in other cases,

post-distorting of signals may be required.

! In this thesis, whenever it is necessary to distinguish the variables of a physical system from those of an adaptive filter. the sub-
script p is used for the variables of the physical system.
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= Ylinearized
R Nonlinear physical Yp Np (u) + Lp (1) Q meanie
system(L,,N,,) + \K
+
u e
— / GP
/ y=N()+L (u)
Adaptiye nonlincar
FIR/tilter ( L. N)
N (i)

/

Fig.4.1 Adaptive linearization by canceling the effect of the nonlinearity at the output.

4.3. Linearization Using a Post-Processor

For some applications, it is preferred to post-distort signals. A post-processor can
be applied to linearize such a system, as shown in Fig.4.2. One method is proposed here
for a weakly nonlinear system.

In the following discussion, inverse modeling of the linear behavior of a nonlinear
system will be used. Let L™ indicate the linear operator obtained by an adaptive linear
filter which performs inverse modeling of a physical system described by Equation

(4.1). Then, we can have L™!, satisfying
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u Nonlinear Yp Nonlinear Vlinearized
_ . * 3
physical system post-processor

Fi.g.4.2 A nonlinear post-processor is placed at the output side of the nonlinear
physical system to post-distort the signal.

L',=2"° (42)
where 79 indicates a delay of & samples and & usually must be nonzero to allow a

causal L ~!. If the nonlinearity of a physical system is weak, a post-processor with out-
put

¥ (k) =y, (k=8) ~ [N (L™ yp)I(k) (4.3)
can reduce (though not eliminate) the nonlinear distortion, thus, linearizing the system.
The notation N indicates an estimate of the nonlinear operator N, of the physical sys-
tem. We can verify this idea by some simple algebraic manipulations. The delayed
output of the physical system can be written as

Yp(k=8) =[L, (1)}(k =8) + [N, (1)](k —d)
Then the output of the nonlinear post-processor is
yk) =L, )]k =8) + [N, )]k =8) = [N (L™ (L, () + N, ()] (k)

= [L, ()1(k =8) + [N, (u)](k—8) — NGz %u) + L™ (N, (N)(k) (4.9
where Equation (4.2) is used. the operator =2 (u) =u (k—3). Assuming that the non-

linearity is weak, namely
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| [L, )IKY| > [ [N, (w)](k) ]
we have

lu(k=8) 1 | [L™"(IN, ))(®)| (4.5)
where Equation (4.2) is again employed. Then, assuming the nonlinear operator N is

continuous, namely,

N(u+e) - N(u) for e > 0
we have
y(k) = [L, 01tk =8) + [N, 1))k =8) = [N @)](k-5)

= [L, ())k =) (4.6)
if the adaptive filter obtains a good estimate of N,. The remaining nonlinearity in the

output is of higher order and the output of the processor is the linearized output
Ylinearized -

The ratio of the linear signal to the residual nonlinear distortion can be estimated.
Because of the assumption of weak nonlinearity in Equation (4.5), the post-processor’s
nonlinear part [N(:‘5(u)+L“(Np(u)))](k) can be approximated by

NG j + L7 N, @) (R) = INGOYKR=8) + [N (1R =BIL ™ (N, w)IK)  (4.7)
where the nonlinear operator N’ is the derivative of the nonlinear operator N and is

defined by the following relation [ 13]
| IN () = N(xo) = N (x))® = x0) | |
im =

XX [ {x —Xxol|
and x and x( are a variable and a point, respectively, in a Banach space. Considering

0

Equation (4.7) and Equation (4.4), we can see the ratio of the linear signa to the resi-

dua nonlinear distortion is
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. Ly @Ik = 8)1 12 “s)
1IN @Ik =B N, @)Ik) 12 ’

To gain some insight, let us suppose the original nonlinear signal is weaker by a.,

where o is greater than one. Then, after linearization the ratio becomes

o | 1L, )k =) 12
| IV )]k =D)L N, @)k) | |2
This shows that if the original distortion is smaller by o, the ratio is increased by o?

(4.9)

after linearization.

A simple example can help further illustrate the ideas. Suppose that the nonlinear
physical system is described by a Taylor series, the memoryless case of a Volterra
series,

¥, = 2u(k) + 0.06u (k) (4.10)

The post-processor can be designed using Equation (4.3),

Vinearized ®) = ¥, () = INL ™ (v, N1
where the delay 6 is zero due to memorylessness. Then,
Viinearized (k) = 21 (k) + 0.061% (k) — 0.06(27" Qu (k) + 0.06u> (k)))>
= 2u (k) — 0.00361° (k)—0.000054u* (k)

= 2u (k) (4.11)
Assuming the norm of the input signal is unity, the original ratio of linear signal to dis-

tortion is

39

v

After linearization, this ratio becomes
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2
0.0036
The signal-to-distortion ratio in dB is almost doubled by the linearization technique. As

Y

another check, we can also use Equation (4.8) to estimate this ratio after linearization.
Considering [N,w)lk)= 0.06u2(k), [N’ (u)](~) = [N[',(u)](k) = 0.12u (k),
(L7 @)1k) = [L;"@)1k) = 27 ), (L, w)1k) = 2u(k), we have

/- | 12u(k)1 1
[ 10.12u(k)2710.06u (k)] |5

2

-

0.0036

which is consistent with that obtained above.

To implement the linearization scheme, the operators L~! and N are needed.
Adaptive linear and nonlinear FIR filters can be used to provide these estimates. The
adaptive implementation using adaptive FIR filters is shown in Fig.4.3. The adaptive
nonlinear FIR filter models the “forward” behavior of the physical system and gives the
operators L and N, which are estimates of L, and N,,. The adaptive linear FIR filter
models the “inverse” behavior of the linear part of the physical system and gives the
operator L~!, an estimate of L,‘,1 with a difference of a delay operator. The input of the
adaptive linear filter can be either the output of the physical system or the output of the

linear subsystem of the adaptive nonlinear filter (see dashed linesin Fig.4.3).

The linear FIR filter of the processor is copied from the adaptive linear FIR filter,
and the purely nonlinear FIR filter of the processor is a copy of the nonlinear operator N
of the adaptive nonlinear filter. It is best to wait to perform the copying until the adap-

tive filters get reasonably good estimates. If the input of the adaptive linear filter is the
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Yp

| Nonlinear physical 22 Linear FH} Purely Nonlineai
system ( L,,, N, )J filter (L FIR filter (V)

.+_ """"""""" hl

e " :

" Adaptive/nonlinear L{u)+N(u).

FIR filer (L N Y .o ... ; |

Y L{u) !

4 o

+ ~ | Adaptive li eclr FIRS - |

filter ( o J

J

Ylinearized

Fig.4.3 Adapuve implementation using FIR filters for the linearization scheme i |n Fig.4.2.

Either one of the two dashed lines could be used. The linear FIR filter L~
and the nonlinear filter N is a copy of the

from the adaptive linear FIR filter L,
nonlinear part of the adaptive nonlinear FIR filter.

lis copied
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Yp -
£ T
| Nonlinear physiqal o’ 2l .| Adaptiv linelar Purely Nonlinea} ,( )y linearized
system(L,,N,) FIR filtgh (L™ ) FIR filter (N) | —

u

Adaptive/nonlinear |
FIR ﬁl’Zr (L,N) Lu)+N(u)

Y

=

Fig.4.4 An efficient implementation of linearization scheme in Fig.4.3 when using the
physical system output as the input of the adaptive linear inverse modeling
filter L7!.

output of the physical system, then Fig.4.3 can be easily modified to Fig.4.4 so that the
adaptive linear filter can serve as the linear filter of the processor and computation can

be reduced.

4.4. Linearization Using a Pre-Processor

For other linearization applications, a nonlinear processor is needed to pre -distort
signals. as shown in Fig.4.5. A nonlinear processor with the following nonlinear map-
ping

yitk) = uk=8) = L™ WV (u)) (4.12)
can perform the task. This can be verified easily. The output of the physical system is
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u Nonlinear Yi Nonlinear Yp = Yiinearized
—> . —>
pre-processor physical system

Fig.4.5 A nonlinear pre-processor is placed at the input side of the nonlinear
physical system to pre-distort the signal.

Vo) = [L, ODIK) + [N, ()1 (k)
= (L, 8 = L™ N @oDIk) + [N, 8 @) = L™HN )]k

=[L, )]k =8) (4.13)
where Equations (4.2) and (4.5) are used. Hence, the output of the physical system is

the linearized output. namely, ¥, = Vinearized-
It can also be shown that the ratio of the linear signal to the residual distortion for

the pre-distortion technique is about the same as that of the post-distortion technique:

HHL, )k =3)) | |2
Y= 5 (4.14)
N, GONK=)L™ (N @)k | |2

This scheme can also be implemented using adaptive filters, as shown in Fig.4.6.

The input of the adaptive linear filter is either the output of the physical system or the
output of the linear subsystem of the adaptive nonlinear filter. The linear FIR filter is
copied from the adaptive linear FIR filter and the purely nonlinear FIR filter is copied
from the nonlinear part of the adaptive nonlinear FIR filter. As in the case of linearization
using a post-processor, it is better to copy after the adaptive filters have run for some

time and have good estimates.
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Nonlinear physical Yp = Yiinearized

system (L, Np)

Yi

“ ely nonlinea_,] Linear FIR Adaptive/nonlinear L(v:)+ N (v:
FIR filter (N) filter (L™1) FIR filter (L.N) | _____ (_")_'2_4—__1():')
v L) 1
.8 z® E E
- 4 b
~ Adaptive l;;/ear FIR[< -~ i
+ filter (L") je---4

/

Fig.4.6 Adaptive implementation using FIR filters for thc linearization scheme in Flg 4.5.
Either one of the two dashed lines should be used. The linear FIR filter L1
copied from the adaptive linear FIR filter L~ ! and the nonlinear filter N is a copy
of the nonlinear part of the adaptive nonlinear FIR filter.

4.5. Application: Linearization of a Loudspeaker

As discussed earlier, a loudspeaker sometimes has significant nonlinear distortions.
For loudspeaker linearization, the scheme of linearization by cancellation at the output
and the scheme with a post-processor are not suitable because these schemes require pro-
cessing of sound signals after sound waves have left the loudspeaker. However, the
scheme with a pre-processor handles signals in electrical form. Hence, it can be realized

using the DSP technique. The pre-distortion scheme can be used and the general struc-
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ture for this application is depicted in Fig.4.7. This section discusses a loudspeaker
model and nonlinear distortions in a loudspeaker. The basic direct radiator loudspeaker

is chosen for study due to its ssmplicity and popularity.

4.5.1 A Loudspeaker Model

A loudspeaker is composed of an electrical part and a mechanical part as shown in
Fig.4.8. The electrical part is simply the voice coil. The mechanical part consists of the
cone, the suspension, and the air load. The two parts interact through the magnetic field.
The mechanical part can aso be described by an equivalent electrical circuit, which will

be called the mechanical circuit.

c t — | Loud Microphone
ompacl___| Nonlinear 2 oud- | C————
Disk Play{r | Pre-processor D/A Amplifier I—" Speaker
Adaptive Filters
Get Estimates for A/D
the Pre-processor

Fig. 4.7 Adaptive linearization of a loudspeaker using an adaptive nonlinear pre-
processor.
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The electrical circuit and the mechanical circuit of a loudspeaker are shown in
Fig.4.9 [4,6]. In terms of analogies, the dimensions in the electrical circuit corresponding
to length, mass, force and time in the mechanical system are charge, self-inductance,
generator voltage, and time. Thus. we can write the differential equation for the mechani-

cal circuit:

m d’x +r (3 +—— =Bl (4.15)
arr  Mdt T Cy '

Referring to the electrical circuit shown in Fig.4.9, the following equation can be

written:

di . dx
o = jr + L— + Bl— 4.16
=R T (4.16)
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Coif” m

Magnetic pole

Fig.4.8 A conceptual structure of a basic loudspeaker.

I L CM m "'m
___/\/\/\_/W\_ —] }__/\/Y\__/\/\/\_
+ -

i + +

e Bldx /4§ g fu=Bli dx/dtl

Electricd circuit Mechanica circuit

Fig.4.9 Equivaent electrical and mechanical circuits of aloudspeaker. In the electrical circuit,
indicates the internal voltage of the generator, r represents the total electrical resistance of the
generator and the voice coil, L is the inductance of the voice coil,i is the amplitude of the
current in the voice cail, E is the voltage produced in the electrical circuit by the mechanical
circuit and E = Bldx /dt, where B is the magneticflux density in the air gap, 1 is the length of
the voice coil conductor, and 1is the cone displacement. In the mechanical circuit, m
represents the total mass of the coil, the cone and the air load, r, indicates the total mechanical
resistance due to dissipation inthe air load and the suspension system, Cy is the compliance of
the suspension, and f,y isthe force generated in the voice coil and is equal to Bli.
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4.5.2 Distortions in a Loudspeaker

Generally, the force in the voice coil is a nonlinear function of displacement so that
the compliance of the suspension system is a function of the displacement. The suspen-
sion nonlinearity affects distortion mainly at low frequencies. At frequencies of about
300 Hz or above, the total harmonic distortion of a loudspeaker is usually fairly low (of
the order of 1%) and not appreciably affected by the suspension nonlinearity. As the fre-
guency decreases, however. the distortion rises rapidly in loudspeakers having a suspen-
sion nonlinearity. For instance, a 10 inch dynamic loudspeaker with a nonlinear suspen-
sion has been measured to produce 10% total harmonic distortion with an input of 2
watts at 60 Hz [5]. The force deflection characteristic of the loudspeaker cone suspension
system can be usually approximated by a polynomial

f=ox +Bx? +y? (4.17)
Then, the compliance of the suspension system can be obtained
Cy=2=— 1 (4.18)
YU o Bx + x> '
Substituting the above equation into Equation (4.15), we have

m + "M% +ow + B+ =Bl (4.19)

de*

Another source of harmonic distortion is non-uniform flux density up to the max-
imum amplitude of operation. The distortion caused by non-uniform flux density is
small, usually less than 1%. as long as the amplitude of movement is small. However, the

distortion is severe if the output signals are large. The flux density B is a function of the

displacement x and may be approximated by a polynomial [12]
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B(x)=Bg+Bx +Byx? (4.20)
This model can be confirmed using the measurement curve in [11]. The nonlinearity
affects both the electrical circuit and the mechanical circuit, as suggested by Equations
(4.15) and (4.16).
Then we substitute Equation (4.20) into (4.16) and (4.19) and discretize the two

equations using the Euler approximation,

% = (k+1) —x (k)T

1=kt

where 1 is the sampling period and x (k) is used to indicate x (kt) for convenience. Let-

ting x1=1, xa=x, and x3=dx/dr. we have the following difference equation in state-

space form
aip 0 a3 by
X(k+D) =1 0 1 ax|xtk)+| O |u(h)
a3l 43 ayy 0

p11x2(k)x3 (k) + p 12x3 (k)x 3 (k)
+ 0
P13 (k) + P 32x3 (k) + pazx | (k)X 2 (k) + paax 1 (K)x3 (k)

vK)= (010 ) x(k) (421)

where the terms indicated by zero or unity are always zero or unity, u=e,
ay=1=-w/L, a;3=-1By/L, axn =1, az; =1WByl/m, dzp =—T0/m, a3 =1—1Try/m,
bl =T/L, D1 =—”CBl[/L, P12 =—'Cle/L, P31 =—‘CB/m, D32y =-TYm, P33 =‘cBll/m, and

D3s=1TB>l/m.
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4.6. Numerical Examples

Numerical experiments on severa different systems have been performed :o iest the

adaptive linearization schemes and the results are presented in this section.

4.6.1 Physical Systems Described by Volterra Series

In the following tests, a physical system was modeled by a Volterra series with a
linear term, a quadratic term and a cubic term. The adaptive nonlinear filter had the same
orders as the physical system, and initialy, al the coefficients of the adaptive filters were
set to zero. For the scheme of linearization by cancellation at the output, the output of
the nonlinear part of the physical system was the original distortion. The residual distor-
tion after linearization was the difference between the output of the linear part of the phy-
sical system and the linearized output. To measure the residual distortion for the other
two schemes, we have used a reference system which was a copy of the linear part of the
physical system. Its input was u(k —0), a delayed version of the original input signal since
the linearized signal was delayed by this amount in these two schemes. The residual dis-
tortion was measured as the difference between the output of the reference system and

the linearized signal.

Test |

The physical system had orders #,;=10, 1,2 =3, and n,,3= 2. The linear part was

Vp k)= 0.2u (k) +0.5u(k -1) +0.3u(k -2) +1.2u (k -3) +0.7u (k -4) + 0.05u (k -5)

+0.01u (k—6)+0.01u (k=7)+ 0.01u (k —8) — 0.008~ (k—9)— 0.005~ (k—10)

The quadratic term was
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Vquadraiic(k) = 0.01u 2(k)=0.001u (k) (k-1) —0.001u (k)i (k=2) + 0.008u (kyu(k -3)
+0.011u 2(/( =1+ 0.003u (k —Du (k=2) + 0.001u (k—1)u (k-3)
+0.009u > (k -2) +0.002u (k —2)u (k -3) +0.008u> (k -3)
and the cubic term was
Yeubic = 0.00513 (k) +0.003u > (k)u (k —1) — 0.005u > (k)u (k=2) + 0.009u (k)u> (k —1)
~ 0.006~ (ke (k — Dt (k -2) = 0.007u (k)u > (k -2) +0.008u> (k — 1)

~0.001u>(k =1)u(k =2) + 0.002u (k—Du(k =2) + 0.001> (k -2)
The coefficients were chosen so that the nonlinear component of the output was a few

percent of the linear component. The mean square (MS) value of origina nonlinear dis-
tortion of the physical system was —24.14B. The MS value of the linear signal, namely,
the non-distorted signal, was 2.9dB. The order of the adaptive linear filter was chosen as
n= 50. The step sizes were 0.005 for h; of the adaptive nonlinear filter, and 0.001 for

h», hy of the adaptive nonlinear filter and h of the adaptive linear filter.

The reduction in distortion versus the number of iterations is shown in Fig.4.10 for
the scheme of linearization by cancellation at the output. This curve shows that at 6k
iterations the distortion was reduced to —107dB. and after 204 iterations the distortion
was reduced to -290dB (the computational noise floor), which is essentially perfect. In
this case, subtraction of the nonlinear output was performed starting at time zero. The
output distortion was actually worse than the original distortion for the first 14 iterations
due to transients. In some applications. it is necessary to avoid this, and so this subtrac-
tion should be performed after the adaptive filter gets better estimates. The performance
of the adaptive nonlinear filter can also be deduced from this figure since the curve of the

MS error for the forward identification of the physical system had a difference of just a
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few dB with the curve shown in Fig.4.10.

The results for Test 1 are tabulated in Table 4.1. In this test the scheme with a non-
linear post-processor and the scheme with a pre-processor reduced the distortions to
—53.1dB and —46.6dB, respectively, from —24.1dB. These two techniques exhibited small

distortion residuals and they doubled the linear signal to distortion ratio in dB.

0 -
-100 -
MS of
distortion
-200 -
-300 . e WSO caTas A OBV P e
-0 10000 2000 30000 40000

No. of Iterations
Fig.4.10 Reduction in distortion for linearization by cancellation at the output in Test 1.
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Test 2

All the conditions in both Test 1 and Test 2 were the same, except for the nonlinear
parts. The nonlinear coefficients of the physical system in Test 2 were chosen so that
there was a lower distortion in the origina physical system than that of Test 1. The
results are summarized in Table 4.1. At 40k iterations, the distortion was reduced to the
computational noise floor for the scheme of linearization by cancellation at the output, to
—-67dB for the scheme with a post-processor, and to —594B for the scheme with a pre-
processor from the original distortion of —304B. The distortion reductions in Test 2 for
the schemes with a pre-processor and a post-processor were larger than those in Test 1
since the original distortion in Test 2 was smaller, satisfying the assumption of weak
nonlinearity better.

In al tests, no significant differences in the results were observed whether the out-
put of the physical system or the output of the linear part of the adaptive nonlinear filter

was used as the input signal to the adaptive linear inverse filter.

Table 4.1 Results for Tests 1 and 2

Test | Initial distortion | cancel at output | Post-distort | Pre-distort
1 -24.1dB CNF -53.1dB -46.6 dB
2 -30dB CNF -67dB -59dB

CNF: computationa noisefloor.
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4.6.2 Loudspeaker Linearization

This section presents simulation results for the pre-distortion scheme on the
loudspeaker model in Equation (4.21). The loudspeaker in the simulation had the follow-
ing parameters

0.1 0 02 0.4
x(k+D)=| 0 1 I (xtk)+] 0 juk)
0.6 -0.5-0.15 0

—0.04x x5 — 0.05x3x3
+ 0
—0.08x3 (k) + 0.01x [ (k)x 2 (k) + 0.02x (k).r% (k)

v(k)=(0 1 0)'xk)
where the sample period T was set to be unity and the parameter  was chosen as zero, as

in[4], since is very small in practice

A reference linear filter having the linear parts of the loudspeaker model was used.
The mean square values of the linear part and nonlinear part of the output signal were
—-10.0dB and ~39.4dB, respectively. The orders of the forward-modeling adaptive non-
linear FIR filter were ny;=17.n-= 10. n3= 10, the step sizes were u,= 0.01,
> = 0.0001, and u3= 0.000 1 t'or the nonlinear filter. The order of the inverse modeling
linear filter was 6, and the step size was u= 0.07. The delay & was chosen to be 3 and
the input signal of the reference linear filter was delayed by this amount. The initial

coefficients of the adaptive filters were set to zero.

At 80k iterations, MSE for inverse modeling by the linear filter was —34dB, which
could not be reduced further by a linear filter due to the existence of nonlinearity in the

system. MSE for forward-identification by the nonlinear filter was —67.6dB after 80k
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iterations. After the linearization took effect at 80k iterations, the nonlinear distortion
was reduced from the original value of —39.4dB to -66dB, that is, 5% of the original dis-
tortion. In other words, the ratio of the linear signal to the nonlinear distortion was

increased to 56dB from 29.4dB, nearly doubled.

4.7. Summary

Three new adaptive linearization schemes have been developed. The schemes are
attractive in that the resultant systems are not complicated, making them easy to imple-
ment in both hardware and software. The post-distortion scheme and the pre-distortion
scheme are designed for weakly nonlinear systems and the weaker the nonlinearities are,
the greater reduction in nonlinearity they can achieve. The scheme of linearization by
cancellation at the output can be applied to problems with stronger nonlinearities and can
achieve perfect nonlinear cancellation if the adaptive nonlinear filter produces a perfect
estimate of the nonlinear part of the physical system. These methods may find applica-
tions in acoustical systems. communications systems, etc. The pre-distortion scheme was
proposed to linearize a loudspeaker. Simulations on a mathematical loudspeaker model

have shown its promise.
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Chapter Five

Adaptive Nonlinear Recursive
State-Space Filters

5.1 Introduction

Adaptive nonlinear filters previously reported are often, directly or indirectly,
based on Volterra theory and have finite impulse responses, as discussed in Chapter
Two. They can be considered as extensions of adaptive linear FIR transversal filters to
nonlinear problems. Adaptive nonlinear FIR filters share advantages and disadvantages
with adaptive linear FIR filters. The problem of computation cost in the case of adap-
tive nonlinear FIR filters is much more serious than that in the case of adaptive linear
FIR filters since their cost increases superlinearly, rather than linearly, with system

memory length.

Adaptive linear IIR filters have aroused some interest, e.g. [1-5], due to their
potential advantage in computation over linear FIR filters. Very few results have been
reported on adaptive nonlinear 1IR filters in the context of signal processing. An adap-
tive nonlinear IIR filter was presented in [6] using the Volterra series with a bilinear

structure. Adaptive nonlinear recursive state-space (ANRSS) filters were first intro-
duced in [7] and are presented in this chapter. They are more general in form than the
adaptive Volterra filter with a bilinear structure in [6] and are expected to alleviate the
problem of high computational cost of adaptive nonlinear FIR filters in long-memory

applications. Since the physics of the nonlinear system concerned is often known in

5.1



State-Space - F.X.Y. Gao

practice and our understanding of the system can be improved by some identification
methods which give such important information as an estimate of the order and
significance of a term, the structure of the nonlinear system can be assumed to be
known. Then, the adaptive filter only has to adapt parameters which are not exactly

known or which drift with time.

In this chapter, after introducing ANRSS filters, efficient gradient computation
algorithms are developed to improve their efficiency. The stability, the convergence
performance, and the potential applications of the ANRSS filters are investigated.

Finally, ssmulation results are presented.

5.2. FIR Volterra Filters Are
Computationally Expensive

The computational disadvantage of adaptive nonlinear FIR filters reported in the
literature can be easily shown by numerical experiments on a simple example. Consider
a nonlinear first-order physical system, with quadratic nonlinearity, which is described
by

Xy (k+ 1) =, (k) + by (k) + ppy o (k) + Py (k) (K)

Yp(k) = c,x, (k) (5.1)
where x, and y, are the state variable and the output variable. respectively. An adap-

tive nonlinear FIR filter was used to match the input-output relationship of this system.

The input signal was a white Gaussian signal with unit variance.
The physical system used in the ssmulations was

Xp(k+1) = =0.9x, (k) + 0.8u (k) + 0.01x5 (k) + 0.03u (k)x, (k)
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ypk) =x,(k) (5.2)
The ratio of the nonlinear component to the linear component of the system cutput is
—21dB. The parameters were chosen so that the impulse response is not very long and
the nonlinearity is not very strong hence the problem is not very tough for an adaptive

Volterra filter.

Four tests of adaptive FIR filters were performed on this example and the results
are presented in Table 5.1. In all tests, step sizes were u;=1073 for the linear term,
1y=10"* for the quadratic term (if the adaptive filter had one), and u3=10"> for the
cubic term (if any). In the first test. the nonlinear coefficients, p,and p,,, of the refer-
ence system were set to zero. An adaptive linear filter of order 70 showed an MSE of
—60dB after 5k iterations. Order n= 70 was then used for the linear term of the Vol-

terrafilter for the rest tests.

In al the following tests, the physical system was the one described in Equation
(5.2). In the second test, the adaptive filter was still linear, with the same order asin the
first test. The adaptive linear filter could achieve a residual MSE of only —16dB, the
noise floor due to the nonlinearity of the physical system. In the third test, a quadratic
term with n , = 50 was added to the adaptive filter, resulting in a reduction of 21.7dB in
MSE over Test 2. This means that about ninety percent of the nonlinearity of the physi-
cal system has been modeled by the quadratic term. In the fourth test, a cubic term with
ns = 10 was aso added to the adaptive filter, resulting in a further reduction in MSE by
0.5dB. This reduction was very small compared to that obtained by adding the qua-
dratic term since the quadratic term is the dominant nonlinear term for this physical sys-

tem.

5.3



State-Space - F.X.Y. Gao

In Test 4, the adaptive filter performed 7.84k multiplications per sample, which is
computationally demanding. If alower residual is desired and the physical system has a
longer impulse response and a stronger nonlinearity, the adaptive nonlinear filter should
consist of longer and higher power terms. It is challenging to implement such an adap-
tive filter on a single IC chip. For example, a Motorola 56001 chip can perform 10.25
million multiplications per second. It is able to perform 232 multiplications per sample
at the 44.1 kHz audio rate, or 128 1 multiplications per sample at the 8 kHz speech rate.
Therefore, such a single chip cannot handle the computation load required by the adap-

tive nonlinear FIR filter in this example (tests 3 and 4) even at the speech rate.

It is well known that adaptive linear 1IR filters have a potential computational
advantage over adaptive linear FIR filters, which has sparked active research on adap-

tive linear 1IR filters. Similarly, we can expect that an adaptive nonlinear IIR filter is

Table 5.1 Numerical Results for the First-Order
Example Using FIR Filters

Test | MSE(dB) | Muitiplication/iter | Iterations
1 -60 0.14k S5k
2 -16 0.14k 20k
3 -37.7 5.65k 80k
4 -38.2 7.84k 80k

Test 1: Both the physical system and adaptive filter were linear.
Test 2: The physical system was nonlinear and the adaptive filter waslinear.
Test 3: The physical system was nonlinex and the adaptive filter was nonlinear with linear and quadratic

terms.
Test 4: The physical system was nonlinex and the adaptive filter was nonlinear with linear. quadratic, and

cubic terms.
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potentially more economical than an adaptive nonlinear FIR filter. A recursive state-
space structure is a quite general nonlinear IIR structure. An ANRSS filte: should be
easily implemented on a single chip for some applications. To make comparison
between an adaptive nonlinear FIR filter and an ANRSS filter, some numerical tests,
corresponding to those in Table 5.1, have been performed and the results will be
presented in Section 5.7. These results indicate that for the first-order example, an
ANRSS filter is able to match the reference physical system perfectly, with 0.4% of the
computation required by the adaptive nonlinear FIR filter per iteration and with 6% of

its convergence time.

Another motivation of introducing the nonlinear recursive state-space structure is
its suitability for analog implementation. Although the ANRSS filters are presented in
the digital domain in this chapter. they are also applicable in the continuous-time
domain. A programmable /inear recursive state-space filter has been implemented in
analog technology [5]. Analog implementation of the ANRSS filters proposed in this

chapter can be very similar to that of an adaptive linear recursive state-space filter.
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5.3. Filter Formulation and
Gradient Computation

The physics of many practical systems is known and can often be described by a
state-space equation. The system parameters are unknown or slowly time-varying and
this makes an adaptive filter necessary in certain applications. Suppose a physical sys-

tem is described by a nonlinear recursive state-space equation of order 7,:

X, (k+1)= Apx, (k) + Byu(k) + g, (pp,u (k),x, (k) (5.3.9)

v (k) = Clx, (k) + dpu(k) (5.3.h)
where A, is the system feedback matrix, B, is the system input coefficient vector, X, is

the state vector, g, is a nonlinear function, and p, is a vector of coefficients for the non-
linearity. The order of the system is assumed to be known. The exact values of A,, B,
C,. and p, ae not known. The right hand side of Equation (5.3a) can be considered as
a truncated Taylor Series expansion of a general function f,(x,,u) at x,=0and u=0.
The nonlinear function g, is thus a truncated multi-dimensional Taylor series without
linear terms and its coefficients are the elements of p,. Following is a second-order

example with the Taylor series truncated to quadratic terms;

Py 1 1 OX, 2 (R 25, 1 (U 4D 3 2 (Dt (K V4D a1t (K4 5.5 1 (K4 6% 2 (k)
& Pp73Xp 1 (K)Xp 2 (K APy 8xp 1 (K1t (K )HDp 9Xp 2 (KUK )HPp 10l = (K )+Pp 155 1 (K)HDp 12X52 (),

The nonlinear function g, is differentiable with respect to both x,, and p,. The point
x,=0and = 0 is the equilibrium point since all the terms, A,x,,B,u, and g,, on the

right-hand side of Equation (5.3a) are equal to zero at this point.

An ANRSS filter employs the structure of the physical system in Equation (5.3)

and adapts its coefficients A, B,C,d, and p to minimize the mean square (MS) of the
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difference between its output and a desired signal. The well-known LMS algorithm will

be used to update the coefficients. The filter coefficient vector is updated accering to

dy(k
WAt = Wk e (0 20D (5.4)
where the vector w includes al the coefficients to be adapted. In this algorithm, the

gradient of each parameter to be updated should be available.

The gradients of the adaptive filter output with respect to an element of C and the

feedthrough coefficient ¢ can be easily written as

avik) ay (k)
Jc; =ik). od

where x; isthe ith element of the state vector x.

=u (k)

If the gradients of the state vector x with respect to the elements of A, B, and p are

defined as

ox(k) ox(k)
da; op;

where g;; is the element on the ith row and the jth column of the A matrix, b; and p; are

Ox(k) o
, Qilk) = b, and H;(k)

Fijk)=

the ith elements of B and p. respectively, it can be shown that the gradients of the adap-

tive filter output with respect to these filter coefficients can be written as

ady (k)

WK _ Tk, and 2E
aa,-j

ob; op;

where F;;(k), Q;(k) and H; are computed recursively from the following equations:

= CTF;(k), =CTH;(k)  (55)

ag(p, u (k),x(k))

F,j(k+l):AF,,(k)+e,xj(k)+( x(k) )F,/(/\) (5.6)
Qilk+1)= AQi(K) +eru(k) + (ag(p’g;(’j‘;’)”‘(k Dy0ik) (5.7)
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H(k+1) = AR ) + (2L G0 1y Og(p.u (k).x(k))
X(k) ap,-

where e; is a vector with unity in the ith element and zero in others. Comparing Equa-

(5.8)

tions (5.5),(5.6),(5.7), and (5.8) with Equation (5.3), it is seen that the gradients are

computed with systems very similar in structure to the adaptive filter itself.

5.4. Reductions in Gradient Computation

From the above discussion. we know that one gradient filter with complexity simi-
lar to that of the adaptive filter itself is needed to adapt each element of A, B, or p. This
demands a substantial amount of computation. Two methods of reducing the computa-

tion will be discussed in this section.

5.4.1 Keeping the Input Coefficient Vector Fixed

The computation can be reduced if adapting B can be avoided. There is a way to
do so if it is known which terms of B, are zero and which are not, and the differences
between B, and B just result in scaled states and coefficients. This idea is best
explained with an example. Suppose the physical system concerned is a second-order
system described by

Xp L k+1) = 11551 (k) + 12X 2(K) + by 1K) + Py 1Xp 1 (KX 2 (K) (5.9)
Xp2(k+1) = ap 210, (k) + dp 22Xy 2 (k) + Dpau(k) +ppau (k)xf, { (k) (5.10)

Yp = Cp1Xp 1K)+ CpaXpa(k) + dpu (k) (5.11)

where all the coefficients are unknown. Let us first assume that both elements of the
input coefficient vector B, are nonzero. For given B, and B, there exist two nonzero

scalars oy and o, which relate B, and B:
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b =0L1bp1, b» =(12bp2 (512)
Next, multiplying both sides of Equation (5.9) by &, and both sides of Equation (5.10)

by o, and performing some simple agebraic manipulations, we arrive at

Xk +1) = a v (k) +apxa (k) + bruk) + pxi (k3 (k) (5.13)
Xoltk+D)y =as1x (k) +anxrk) +bruk)+prulk)x (k) (5.19)
v=c1Xx1(k)+caxr(k)+duk) (5.15)
where

= 0L X L= fori=1and 2 = ap=a ll 5.16
X=Xy, = a . - > d11 =4y, d12=4dpy2 o : (5.16)

_ 2 J=d Ppi _ %o
) =dpa, d21 =dp2) o =dp, p1 = a%a%’ P2=Dp2 a% (5.17)

The new system described by Equations (5.13),(5.14), and (5.15) is obtained by scaling
the original system. This scaling maintains the structure of the original system. From
Equations (5.16) and (5.17), we know that the &’s must be nonzero. Hence, if some ele-
ments of B, are zero (or nonzero), the corresponding elements of B must also be zero

(or nonzero), as suggested by Equation (5.12).

Therefore, to use an adaptive nonlinear filter to match a physical system described
by Equations (5.9),(5.10), and (5.1 1), we can set the input coefficient vector of the
adaptive filter to be a constant vector with the same zero-nonzero pattern as that of the
physical system, and the adaptive filter can just adapt the feedback matrix A, the output
coefficient vector C, the feedthrough coefficient ¢ and the nonlinear coefficients p to
match the physical system, resulting in a scaled system model. The n gradient filters for
the input coefficient vector B are then not needed. It can be shown that this is generally

true for the case where the nonlinear function vector g, (p,.u (k),x,(k)) is an n-
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dimensional Taylor series without linear terms. A direct-form equation is an example

where the zero-nonzero pattern of the input coefficient vector is known.

In practice, B would be set to estimates from the physics of the nonlinear system.
This can not only provide a good starting point, but also avoid some numerical
difficulties arising from scaling. Further, adapting B and C simultaneously would result

in difficulties in convergence due to redundant degrees of freedom.

5.4.2 The Approximate Stochastic-Gradient Method

The technique of gradient approximation has been widely and successfully applied
in many practical optimization problems. This technique can be applied to the ANRSS
filters to reduce the computation. If the system is weakly nonlinear (the magnitude of
the signal from the nonlinear part g, of the physical system is much smaller than that
from the linear part A, x,(k)+B,u(k)), we can compute the approximate gradients for
filter coefficients by neglecting the nonlinear part, thus considering the gradient filters

as linear.

When neglecting the nonlinearity, the gradients for A and B of an ANRSS filter

can be computed like those of an adaptive linear recursive state-space filter [4,5]

F,(k+1) = ATF;(k) + Cx;(k) (5.18)

and

Qk+1) = ATQ(k) + Cu (k) (5.19)
where g;(k)=dy (k)/db; and the ith element of F;(k)=0y(k)/da;;. One gradient filter is

able to generate gradients for all the elements of one column of matrix A, and one gra-

dient filter for all the elements of B, resulting in a significant reduction in the computa-
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tion. Evaluation of the gradient for B is also discussed here since it may sometimes be

necessary to adapt B. The approximate gradient for p can be computed from

ag(p,u(k),x(k))

H,‘ k+1 =AH,' k) + .
(k+1) (k) p; (5.20)
and

ay(k)

5 = CTH, (k) (5.21)
where

H, (k) = 2X6) ax(k)

ap;

Although the nonlinearity is ignored when computing the approximate gradients, it
is still used for computing the adaptive filter output. If exact gradients for all
coefficients adapted are used. the method will be referred to as the stochastic-gradient
method. On the other hand, if approximate gradients for al coefficients other than C are
used, it will be referred to as the approximate stochastic-gradient method. As for C, the
exact gradient is easily available and therefore always used. The approximate
stochastic-gradient method is only suitable for the case of weak nonlinearity, say, the
ratio of nonlinearity versus linearity being 10%. If the nonlinearity is strong, the per-
formance of the approximate-gradient method will be degraded and the stochastic-

gradient method should be used instead.

5.5. Stability Considerations and
Convergence Analysis

As is well known. stability and convergence analysis are chalenging problems for

adaptive linear IIR filters. The issues are even more challenging for adaptive nonlinear
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IR filters. In this section. these two issues are addressed for an ANRSS filter.

If both the starting point and the optimal point of an adaptive nonlinear IIR filter
are in the stable region. it is reasonable to anticipate the whole adaptation path lies
inside the stable region if sufficiently small step sizes are used. If the adaptive filter
were to enter unstable region, its output would become large and so would the MSE. A
gradient-based adaptation algorithm would automatically force the system to return to
the stable region. Hence, the step sizes can be chosen to be small enough to maintain
the stability. The chances of instability can be reduced if the starting point is chosen to
be close to the optimal point. For some applications, the optimal point can be
estimated. An adaptive nonlinear 1IR filter can start at this estimated point and per-
forms fine tuning. Furthermore, if the system concerned has weak nonlinearity and the
magnitudes of input signals are known to be bounded, the adaptive filter stability is
mainly determined by the linear part of the adaptive filter. Monitoring the adaptive filter
stability may be performed only on the linear part of the adaptive filter. To ensure that
the nonlinear part does not cause instability, smaller step sizes can be used for its non-
linear coefficients.

According to Lyapunov’s first stability theorem [16], the stability near the point of
equilibrium of an autonomous nonlinear system is determined by the poles of the time-

invariant linearized system:

X, (k+1)= A, x, (k)
This theorem uses a linear system to approximate a nonlinear system and it is obvious

that it applies only to small deviations about the point of equilibrium. Similarly, we

would like to use a linear system with inputs to approximate a nonlinear system with
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inputs at the point of equilibrium and expect that the stability of the linear system gives
some information about the stability of the nonlinear system especially when the inputs
are small. Since the right-hand side of Equation (5.3a) can be considered as a truncated
n-dimensional Taylor Series, the equation of the adaptive filter using this model can be
rewritten as

X(k+1) = A (x(k),u(k)x(k) + Bu (k) + g (u(k)) (5.22a)

v(k) = CTx(k) + du (k) (5.22b)
where the matrix A’ is the time-variant feedback matrix depending on both the input

signal 4 and the state variable x, and the function g’ is a purely nonlinear function of the
input signal « and not a function of the state variable x. The term Bu(k)+g'(u(k)) can
be considered as the input of the linearized filter and thus has no effect on the filter sta-
bility. The feedback matrix A’ determines the poles of the linearized filter. This equa-
tion takes account of a characteristic of an ANRSS filter: its dependence upon the value
of the state variables and the value of the input signal for stability. Hence, it is reason-
able to expect that the stability of the system in Equation (5.22) is closely related to that
of the system in Equation (5.3). For each iteration, we can compute the matrix A’ and
monitor the poles of the linearized filter described in Equation (5.22). A similar stability
monitoring technique was presented in [17]. The monitoring process is generally
expensive but is trivial for some special cases, such as first- and second-order systems.

To illustrate the idea, let us use a second-order system as an example:

Y1 (K (ap11 apra| [Xp 1K) (8p1] | Bp1]
l:\.pl(k)ZI _[ap2l dp 22| |Xp2(k) * 8p2 * bya u(k)

where
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Gu| _ | Pp1xp 1K) 2 (k) 20, 1 (KDt (k)4 3%, 2 k)it (h 1+pyy 4107 (K)+pp 551 (K)+Dp 6X3 2 (k)
Pp71%p 1 (k)X 2 (k)4 8%y 1 (D1t (k)P 9Xp 2 (KDl Y4py 1047 (K)+Dp 1175 1 (k)4 12%2 5 (K

Rewriting the above equation into the form of Equation (5.22), we have

— ap 11+pp 1Xp Z(k)+pp2u (k)+pp5xp 1 (k) a, 12+pp3u (k)+pp 6xp2(k)
ap21+Pp7Xp 2 (K)+pp st (K)App 1135 1 (k) ap2a+ppoue (k)+Dp 12X, 2 (k)

and
¢ = Ppau’ (k)
Pp1ou=(k)
The pole determined by the time-variant matrix A’ is used to monitor the stability. The

stability analysis discussed above is an approximate technique. It has its limitations, for

example, it would fail when the input signal « has a large magnitude.

During adaptation, knowledge of the filter stability at the current point in the
coefficient space is important. One way is to compute a stability region at the point of
equilibrium and decide if the current point is in the region. Many methods have been
proposed to establish stability regions of nonlinear dynamical systems [14,15]. One
class of the methods is based on a local Lyapunov function. The stability regions are
those where the Lyapunov function satisfies the stability conditions. Generally, there
exist no simple close-form solutions. The problem has to be solved numerically and is a

quite computationally demanding process.

In the following, we analyze the convergence performance of an ANRSS filter. In
fact, the results obtained are also applicable to adaptive linear 1IR filters. In terms of
the coefficients and the input signal, the physical system output and the adaptive filter

output can be written as

5.14
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Vp (k) = fwp,u(k)) (5.23)

y(k) =FWr u(k)) (5.24)
where the function f is assumed identical for both the physical system and the adaptive

filter, w is the vector with al the updated coefficients, and w, contains the physical sys-
tem coefficients corresponding to those of w. Expanding the physical system output y,

around w*, we can approximate the output error e(k) = yp (k) — v (k) by

dyp (k)

e(k) =(— | we) e, (k)
Wp
_oy&) T,
= (5 ew®) (5.25)

where e, (k) =w,— w'

Considering the LM S updating formula Equation (5.4), we can write

e (k+1)= e,.(K —2;%%)@ K (5.26)
Substituting Equation (5.25) into the above equation and taking expectation of both
sides of the equation gives
dy (k) , dv(k)
oW = Ow

where as in the convergence analysis of an adaptive transversal filter in Chapter Two, it

E(e, (k+1)) = (I - 2uE( ( M)E (e, (k) (5.27)
is assumed that the coefficient error vector e,,,(k) is uncorrelated with the gradient vec-
tor dy(k)/ow. From Equation (5.25), we can see that the assumption means that the
mean of the error signal ¢ is zero, which can be often satisfied in practice. The above
equation can be written as

Ee.(k+1)= (I - 2uR)E (e, (k) (5.28)

where the matrix R is the correlation matrix of the gradient vector dy (k )/ow.
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We can see Equation (5.28) is similar to Equation (2.11). Hence, similar results
can be obtained. Let Ay and Ay, indicate the maximum eigenvalue and the
minimum eigenvalue of the correlation matrix R. Following the similar convergence
analysis in Chapter two. it can be shown that the step size 4 must satisfy the zero-mean

condition

O<u< (5.29)

and a sufficient condition is

O<p< (5.30)

3tr(R)
The bounds 1/A;,,. and 1/(3trR;) will be referred to as the zero-mean upper bound and

finite-variance upper bound. respectively. The convergence time is

_1 kmax
o )‘-min

T= (5.31)
for a step size a/A ., Where a is a constant between 0 and 1. This shows that the con-

vergence speed of an ANRSS filter depends on the eigenvalue spread of correlation
matrix of the gradient signals. Although this matrix is not constant in the adaptation
process, this analysis based on the localized information still provides valuable insight
into the convergence performance of an ANRSS filter. These theoretical predictions

are compared with those in the actual convergence results in Section 5.7.

5.6. Potential Applications

This section discusses potential applications of ANRSS filters, which include

linearization of nonlinear systems and echo cancellation in digital communications.
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5.6.1 Linearization of a Class of Nonlinear Systems

The nonlinear function g, of the physical system in Equation (5.3) brings in non-
linearity and causes distortion. The nonlinear term can be canceled out by subtracting
an estimate of it from the right hand side of Equation (5.3.8). The estimate can be

obtained by an adaptive nonlinear filter.

The adaptive linearization scheme is illustrated in Fig.5.1. The adaptive filter is
built using the model in Equation (5.3). The adaptive filter estimates the nonlinear
coefficient vector p, and the state vector x,(k), which, together withu (k), determine

the estimate of g,.

The adaptive linearization process has two phases: first an identification phase,
then a linearization phase. In the identification phase, the output of the nonlinear func-
tion g of the adaptive filter is fed to itself so that the adaptive filter is able to match the
physical system. Once the adaptive filter matches the physical system, g(p,u (k),x(k))
is expected to be a good estimate of g,(p,, u (k),x,(k)). Inthe linearization phase, the
switch of Fig.5.1 will toggle so that —g(p,u (k),x(k)) is fed tothe physica system and
thus linearizes the system. Note that switching out the nonlinearity makes the adaptive
filter linear and enables its states to trace the linearized system. The term =%in Fig.5.1

models the possible delay between the system output and measured outpuit.

The linearization scheme can be applied to a loudspeaker system. The basic struc-
ture of adaptive linearization of a loudspeaker using an ANRSS filter is shown in
Fig.5.2. Assume that the nonlinearity of a loudspeaker is due to its suspension system.

As discussed in Chapter Four, the displacement of the cone in a loudspeaker satisfies
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Fig.5.1 The adaptive linearization scheme using the nonlinear state-space filter
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Fig.5.2 Adaptive linearization of a loudspeaker using an ANRSS filter.

x (k+2) = apox (k+1) = ap1x(k) = pp 107 (k) = pp2x > (k) = bpouk)  (532)
where u is the current of the coil. Choosing x, (k) =x(k), x, 2(k) = x(k +1), this differ-

ence equation can be written in the state-space form of Equation (5.3) with

A[, - dp1 dp2

0 1 } (5.33)

g,=(0 ¢,(p,x,(k)) B,=(0 b, ) C,=(1 0)F
where g, (p,,X, (k)= p, 1371 (k) + p,ax3 (k) and p,=(p,; Pp2)- An estimate of the

term —8p (Pp. X, (k) )/b,, > is required to add to the input signal u (k) to cancel out the non-

linearity of the original system.
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5.6.2 Echo Cancdllation in a Nonlinear Data Transmission Channel

An echo canceler is typically configured in a digital subscriber loop as shown in
Fig.5.3. Most cancelers reported are linear, based on the assumption that the echo
channel is linear. Nonlinearity exists, however, and can severely limit the success of
echo cancellation by a linear canceler. The most notable sources of nonlinearity include
the D/A converter [8,11] and the line driver [11] at the transmission end. Nonlinear
cancelers, based on nonlinear FIR filters, have been reported in {8-11]. Since the linear
part of the channel is often better approximated by a pole-zero model [2], an IIR filter
may be preferred in terms of computation efficiency. The echo channel may be
modeled as a nonlinear memoryless system followed by a linear dispersive system

described by an IIR transfer tunction.

5.7. Numerical Examples

Three examples are shown to illustrate the utilization and performance of the
adaptive filters proposed. The first example is the same as the one for adaptive FIR
filters in Section 5.2. This example is simple, however very suitable for illustration.
The second example is identification and linearization of a loudspeaker model. The last

example is for nonlinear echo cancellation in a data communication channel.

5.7.1 Example 1 - First-Order System

The input coefficient vector B, of the first-order example in Equation (5.2) has a
known zero-nonzero pattern: the only element is aways nonzero. Hence, the adaptive

filter input coefficient b was fixed at unity and other coefficients were adapted. The
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Fig.5.3 Typical configuration of a subscriber loop with an echo canceler.

physical system in Equation (5.2) was used as the reference system. The adaptive filter
updated its coefficients a.c, p, and p>, with initial values being zero. The step sizes
were (1, = 0.0005, u,=0.01, and ,= 0.0005.

To show the effect of not adapting nonlinear coefficients. a test was run which
adapted the linear coefficients only. Curve (@) in Fig.5.4 was from this test. The MS
error could go down to only about —15dB.

The approximate stochastic-gradient method was simulated next. The conver-
gence curve is depicted in Fig.5.4 as curve (b), which shows that the MSE was reduced

from QdB to below —1004B after 1k iterations. Two contours have been drawn in
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Fig.5.4 Convergence curves for the first-order example:
(a) adapting linear coefficients only;
(b) approximate stochastic-gradient method with different step sizes for the param-
eters,
(c) approximate stochastic-gradient method with a uniform step size for al the
parameters:
(d) theoretical convergence rate for (c).

Figs.55 and 5.6 for the linear and nonlinear coefficients to show the performance sur-
face and the adaptation behavior of the algorithm. Small step sizes were used for the
adaptation paths so that the paths are smooth. It is obvious from the contour plots that
the paths are generally normal to the contours, which is a characteristic of the steepest

descent algorithms.
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The stochastic-gradient method (without approximating gradients) was simulated
next and very small differences between the results of the approximate stochastic-
gradient method and the stochastic-gradient method were observed. The convergence
curve and adaptation paths of the approximate stochastic-gradient method are dlightly
less smooth than those of the stochastic-gradient method since the nonlinearities
neglected in computing gradients by the approximate stochastic-gradient method create

noise in gradient computation.

We are now in a position to make a comparison between the results of the adaptive
FIR filters and adaptive IR filters on this first-order example. The major results for the
adaptive nonlinear IIR and FIR filters are summarized in Table 5.2. For this example,
an ANRSS filter is able to match the reference physical system perfectly, with 0.4% of
the computation required by the adaptive nonlinear FIR filter per iteration and with 6%
of its convergence time. For this example, the adaptive IIR filters definitely outper-

formed the adaptive FIR filters.

Table 5.2 Mgor Results for the First-Order Example Using the
Adaptive Nonlinear IIR and FIR Filters

Test | MSE(dB) | Multiplication/iter | Iterations
IR -300 33 S5k
FIR -38.2 7.84k 80k
The number of multiplications per iteration for IR filter was that of the stochastic-gradient method.
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Fig.5.5 Nonlinear state-space filter for the first-order example. w,=7¢ -5, u.=7e-5.
Approximate stochastic-gradient method.
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Fig.5.6 Nonlinear state-space filter for the first-order example. p,=5e—6. Approxi-
mate stochastic-gradient method.
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It would be interesting to compare simulation results on convergence with the
theoretical results. In the following simulations, the input coefficient b of the filter was
set to be equal to the input coefficient b, of the system and was kept fixed to be con-
sistent with the assumption of the theoretical analysis. Other filter coefficients were
adapted and were set to zero initially. The correlation matrix R of the gradient signals
for the four parameters adjusted is not constant in the adaptation. As an approximation,
it was calculated at the optimal point, namely, the filter coefficients equal to the

corresponding system coefficients. The eigenvalues of the matrix are

eigenvalue=( 1.8852 6.7106 35.8057 178.8985 )!

The theoretical zero-mean upper bound for the step sizeis

L 0.0056

“:cm —nean =
)"max

and the f-mite-variance upper bound is

1
U pnite —variance = —.‘SN—(R—)— =0.0015

Experiments were made and the practical maximum step size alowed for conver-

gence was found to be

Hpractical = 0.0008

which is smaller than both the theoretical zero-mean and finite-variance upper bounds.
The practical upper bound is supposed to be between these two theoretical bounds.
However, this is not the case in the above simulations. The theoretical upper bounds
were obtained from the correlation matrix computed at a particular point, the optimal
point, while the practical upper bound was determined by the correlation matrixes com-

puted in all the iterations of the adaptation process. The step size = 0.0008,
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corresponding to a=1/7, was then used and the convergence curve is plotted in Fig.5.4

as curve (c).

According to Equation (5.31) the theoretical time constant for the step size Wy qci.

cal 18

Tiheoretical = g—mxﬁ =665 iterations
where oo =1/7. This means that after 665 iterations, the coefficient errors are smaller by
e, in other words, reduced by 8.7¢B. The mean sgquare error can be approximated by a
guadratic function. without a linear term, of the coefficient error vector. Hence, after
665 iterations, the MSE is expected to be reduced by about 17.4dB. A straight line is
drawn in Fig.5.4 as curve (d) whose slope is the theoretical convergence speed.

Although the practical convergence speed varied with time, its overal slope is close to

that of the straight line. The estimated practical time constant is

Tpractical = D565 iterations

which is very close to the theoretically predicted value.

5.7.2 Example 2 - Identification and Linearization of a Loudspeaker

Identification and linearization of a loudspeaker has been simulated. The parame-
ters of the loudspeaker model were a,,= 0.3, a,2= 0.2, p,1= 0.006, p,>= 0.03,

b

»,2= 0.6, and ¢, ;= 1. That p,, was chosen larger than p,| was to be consistent with

the fact that the cubic term is dominant in the suspension nonlinearity. The adaptive
filter input coefficient vector was set to be a constant vector (01)!. The adaptive
filter updated its coefficients a;, a2, p1,p 2.and ¢, with zero initial values. The step

sizes were [, =0.02 for ¢ and a3, W, =0.001 for p; and po, 4, =0.02 forc;. The
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delay in the air path was chosen as 50 sampling periods. In practice, this delay can be
measured by feeding an impulse signal to the loudspeaker or using an adaptive linear
transversal filter to estimate it. It is aso possible to cascade an adaptive linear transver-
sal filter with an ANRSS filter to perform on-line estimation of the delay. The interac-

tion between the two cascaded filters may influence the convergence of the system.

Both the stochastic-gradient method and the approximate stochastic-gradient
method were run. The convergence curves of the two methods are similar, with differ-
ences of a few dB in the final stage of the runs. For the sake of brevity, only the curve
for the approximate stochastic-gradient method is shown here in Fig.5.7 for
identification up to 30k iterations. It is seen that the MS error has reached the numerical

noise floor at about —3004B after 74 iterations.

To measure the performance of the linearized loudspeaker system, we used a
reference loudspeaker system, which just had the linear part of the speaker system to be
linearized. Its output will be referred to as y,e sin. At the beginning of adaptation, the
loudspeaker system and reference system had zero initial states. The linearization took
effect at 10k iterations. At the time of switching from the identification phase to the
linearization phase, we assigned the state variables of the loudspeaker being linearized
to the state variable of the reference system so that these two systems had the same ini-
tial states after switching. Thus, the MS value of y, ~ v, 1i» cOMputed before switch-
ing measures the original distortion and the value computed after switching measures
the residual distortion. The loudspeaker output consisted of a linear signal and a non-
linear distortion, whose mean squares before linearization were —3dB and —23dB,

respectively. This gives a nonlinear-to-linear ratio of -20dB. that is, the nonlinear
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Fig.5.7 Convergence curves for the loudspeaker example. The lower curve is for the case
where the filter's model is the same as that of the system’s. The upper curve for the case
where the filter’s model is not exactly the same as that of the system’s. In both cases, the

approximate stochastic-gradient method was used.

signal is 10% of the linear signal. The nonlinear distortion was reduced from -3dB to
-310dB after linearization. This distortion reduction is so good that it can only be
achieved in simulation, and some factors, such as measurement noise and model

mismatch, will degrade the performance in a practical situation.

It would be interesting to see whether the adaptation algorithms and linearization
scheme are robust: do they work or not if a deviation is present between the filter model
and physical system model? Suppose a practical loudspeaker aso has anonzero quartic
term in the nonlinear feedback term, that is g,(p,.x,(k))=pp 1x,% 1K)

+pp2x[3,1 (k) +pp3x[4,1 (k) but the adaptive filter just has a nonlinear feedback with
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g (p.x(k)) =p 1x7 (k) + paxi (k). The parameter p,3 was chosen to be 2x1073. Other
parameters were the same as before. Simulations were performed using both the
stochastic-gradient and the approximate stochastic-gradient methods, and very similar
results have been obtained. The convergence curve was plotted in Fig.5.7 for the
approximate stochastic-gradient method. The adaptive filter worked well and reduced
the MS errors to about —-90dB, a residual floor determined by the term in the
loudspeaker which was not modeled by the adaptive filter. The nonlinear distortion was

reduced from about —23dB to —49dB.

5.7.3 Example 3 - Echo Cancellation
Assume that the dominant nonlinearity in the echo path is from the D/A converter
[8]. Due to processing imperfections, an integrated D/A converter has a systematic
nonlinearity. The nonlinearity can often be modeled as a memoryless nonlinear func-
tion. One typical nonlinear transfer function for the integral nonlinearity of a MOS D/A
converter is [9]
y)=bu+bsu’ (5.34)
The input signal to the adaptive echo canceler and the D/A converter is in digital
form. The signal code in the simulations was 2B1Q, namely, pairs of bits encoded as
four level pulses are transmitted. A popular model for the linear part of the channel

used for simulations [8,9] is

W) =——"—7 (5.35)
This model, together with the D/A converter model in Equation (5.35), was used for our

first echo cancellation example. The channel parameter a,, was chosen to be -0.4 as in
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[8]. The D/A converter parameters were b,= 1.01333, b,3 =-0.01333 as in [9]. The
adaptive filter has the following structure

Y(k+1) = ax (k) + bu (k) +bu> k)

y(k)=cx(k) (5.36)
The input coefficient » was set to unity and not adapted. The coefficients «, ¢, and b3

were adapted, with initial values being zero. The step sizes were 0.1 for ¢ and ¢, and
0.05 for 3. The adaptive filter suppressed the echo to -3 10dB at 7.2k iterations for

both the stochastic-gradient method and the approximate stochastic-gradient method.

In the second echo cancellation example, a third-order linear system was used as
the model of the linear part of channel with poles at 0.9375 and 0.9375 * j 0.1776, zeros
at 0.969 £ j0.2323 and a gain factor of 0.22. The linear part of the adaptive filter
employed the quasi-orthonormal structure [4,5]. The initial values of the matrix A were
determined so that the initial poles of the linear part of the adaptive filter were at 0.9.
The input coefficient vector B was set to be (00 1)7 and was not adapted. The output
coefficient vector C was adapted, with zero initial values. The step sizes were
M, = 0.0001, u.= 0.001, and p, = 0.001. The plot of mean sgquared echo residual is
shown in Fig.5.8 for the approximate stochastic-gradient method and the stochastic-

gradient method gave a similar curve.
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Fig.5.8 Convergence curve for the third-order echo cancellation example. The
approximate stochastic-gradient method was used.

5.8. Summary

ANRSS filters have been introduced in this chapter, which are computationally
more attractive than adaptive nonlinear FIR filters for some applications. To take
advantage of the ANRSS filters, one has to have some knowledge of the system: most
importantly the mathematical structure of the system. Knowledge of the estimated

values of the system parameters can aso be used to improve the filter performance.

Efficient adaptation algorithms have been developed for ANRSS filters. It has

been shown that the input coetficient vector need not be adapted if we know the zero-
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nonzero pattern of the input coefficient vector of the physical system to be matched.
The gradients of the adaptive filter coefficients can be efficiently computed by reglect-
ing the nonlinearity in the system in the case of weak nonlinearity, Although the non-
linearity is neglected when computing gradients, it is still used to evaluate the adaptive
filter output. The approximate stochastic-gradient method performed quite well in our
simulations. Choices of the step size and stability monitoring of an ANRSS filter have
been discussed. Convergence analysis has shown that the adaptive filter convergence
relies on the eigenvalue spread of the correlation matrix of the coefficient gradient sig-
nals. A scheme for canceling nonlinearity for a class of nonlinear systems was pro-
posed and was applied to linearization of a loudspeaker model with nonlinearity only in

the suspension system.
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Chapter Six

Results on Loudspeaker Measurements

6.1 Introduction

In the previous chapters, the algorithms proposed in this thesis have been simu-
lated successfully on mathematical models. This chapter applies the algorithms to
measured loudspeaker data. After illustrating the measurement setup and characteris-
tics of the data, we discuss solutions to some practical problems. Then, we present
results on identification of the loudspeaker system by an adaptive linear FIR filter, a
nonlinear FIR filter, an equation-error filter, a linear state-space filter, a backpropaga-
tion cascade filter, and a nonlinear state-space filter. Finally, we apply the pre-

distortion technique to linearize the extracted model of the loudspeaker.

6.2 Loudspeaker Measurements

Measurements were performed in an anechoic chamber at the National Research
Council of Canada. The measurement setup is shown in Fig.6.1. Because the measured
data were originaly meant for a linearization study, signals with low to medium fre-
guencies were of interest and the signal level was chosen to be relatively high. Two
low-pass analogue filters with cut-off frequencies at 1 kHz were employed for anti-
aliasing and anti-imaging. They were fourth-order Butterworth filters. The D/A and

A/D converters have 16 bits. The signa generator produced white noise. The woofer
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had a diameter of about 6 inches. The chamber had a size of 11 feet x 11 feet x 18 feet.

The microphone was placed 6.56 feet away from the loudspeaker. The sampling rate

was 8 kHz and the data were measured with the SPL (sound pressure level) at the

microphone adjusted to 8548. The number of samples recorded was 16128, which was

the maximum number obtainable by the recording system. However, it should be noted

that the generator was only able to produce a maximum of about 8192 or 213 indepen-

dent samples.

An impulse response of the loudspeaker system was also recorded and is plotted in

Fig.6.2 for the first 700 samples. As shown in Fig.6.1, the loudspeaker system (simply

referred to as the system later) consists of al the components on the signal path from

the input of the D/A to the output of the A/D. At the beginning of the response, there

.. | |
Dlgl[al ow-pas Power
GSinal ~=| DA ‘ ‘Filxcr | Amplifier
enerator

Data
Recording

A/D

Microphone

C——

Power
Amplifier

Low-pass

Filter

Fig.6.1 Measurement setup.
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was a period of low-level noise caused by a delay in the signal path. This period is not
shown in the figure so that the measured impulse response can be more conveniently
compared with the impulse responses of adaptive filters presented later. The transfer
function computed from the measured impulse response is plotted in Fig.6.3. It has a
high attenuation at low frequencies (below the loudspeaker resonance) and rolls off

above 1k Hz due to theanalogue filters.

The data have some interesting characteristics. Although the measurement was
performed in an anechoic chamber, noise and echoes still exist. The echoes are visible
in Fig.6.2 and they appeared near the 490th, 548th, and 606th samples, separated by
about 58 samples. The data have a DC component from A/D converter offset. In addi-
tion to nonlinearities in the loudspeaker, the A/D and D/A converters also contribute

noniinearities to the system and they have integral and differentia nonlinearities. The

1 -

I
0.5 -
Impulse O 4 N/\\/\N
-0.5 1
-1 . ;
-0 200 400 600

Number of Samples
Fig.6.2 The measured impulse response of the loudspeaker system.
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transfer function of the system is bandpass, with high attenuations at low and high fre-

quencies. This will impose difficulties for inverse modeling of the system.

6.3 Consider ations for Some Practical Problems

The DC component of the measurement data can be considered by adding a DC
term in an adaptive filter. For an adaptive filter based on the output-error formulation,
the DC term p,. can be adapted to minimize the output error according to

k+l _ .k
Pac = Pic + 2Uqce (k) 6.1)
where 1, is the step size and ¢ is the output error. For an adaptive filter based on the

equation-error formulation or the backpropagation formulation, Equation (6.1) could be

-20 4

dB -40 -

-60 4

-80

0 1000 200011 11 3000 || %000
Frequency (Hz) o

Fig.6.3 The transfer function of the loudspeaker system, computed from the measured im-
pulse response.
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used. However, it is more natural to estimate the DC term by computing the average of
a block of the measurement data since the output error is not directly minimized in the
algorithms. For each sample, the block average can be obtained by

pa' = phc+dk)y-d(k-N))N 6.2)
where the initial value of p,. is set to be zero, N is the length of data block, and d(i)is

the desired signal and is equal to zero for i < 0.

Because the D/A and A/D converters have 16 hits, the recorded data are integers,
with a maximum magnitude of 2'°. Such large input signals will cause numerical
difficulties in nonlinear tilters: very small filter coefficients will result. Hence, the data

should be normalized by dividing by 2.

As pointed out earlier, the transfer function of the loudspeaker system is bandpass,
which is common for practical systems. In Chapter Four, a straight-forward inverse
method was employed, where an adaptive filter attempts to minimize the mean square
of the difference between the system output and a delayed input signal. Inversion of the
high-attenuation parts of the transfer function results in high gains in an adaptive
inverse filter, which in turn requires a long impulse response or causes slow conver-
gence of the adaptive inverse filter. The values of an inverse function of the
loudspeaker transfer function are meaningless at those frequencies above 1kH:z because
of the anti-imaging and anti-aliasing filters. In general, the performance of a
loudspeaker at very high and low frequencies is not important because human ears are
insensitive below 20 Hz or above 20 kHz [6]. Hence, the solution may be that inversion
is avoided on high-attenuation parts of the forward transfer function at those frequen-

cies of no interest. Since both the pre-distortion and post-distortion techniques require
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inverse modeling of a practical system, the following discussion on inverse modeling

will not be restricted to linearization (pre-distortion) of a loudspeaker system.

In the pre-distortion and post-distortion schemes, the forward linear transfer func-
tion of a physical system is sometimes available or has to be obtained anyhow. So the
inverse transfer function can be computed directly from the available forward transfer
function of the system. Suppose that D; indicates the Fourier transform of the delayed
impulse signal at the irh frequency point and H; the Fourier transform of the forward
transfer function of the system. The inverse transfer function H; at frequencies of
interest can be obtained by computing D;/H;. The inverse transfer function AH,- at fre-
quencies of no interest can be set to any convenient value so that the time-domain

impulse response of the transfer function is short.

The second scheme is to use afilter to block the desired signal at those frequencies
of no interest where high attenuations exist in the forward transfer function and to pass,
without significantly altering, the desired signal at other frequencies as shown in
Fig.6.4. Then. the adaptive filter will produce a good inversion of the forward transfer
function of the physical system at frequencies of interest. This method is similar to the
model-reference adaptive systems (MRAYS) in the control literature { 1] and is similar to
the inversion method mentioned in 2], where no discussion was provided on choice of
the filter for the desired signal and the straight-forward inversion method was
employed.

The third scheme is to employ frequency weighting, a technique widely used in

design of conventional filters [3]. Consider the objective function with frequency-
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-9 Filter (w )
Fig.6.4 Inverse modeling with afiltered desired signal.
weighting
N p)
B= Y (W,E)" (6.3)

where E=Y-U,, Yis the Fourier transform of the filter output v (k),U, is the Fourier
transform of the delayed input signal and W is a weighting function which is squared so
that the time-domain formula has a simpler form. Using Parseval’s theorem, the above

eguation is equal to the following one in the time-domain:

B = ﬁl (w (k=i)®e (k=i))’ (6.4)
where w (k) and e (k) are the ti med;)main representations of W and £, and ® indicates
convolution. Equation (6.4) shows that the objective function is the energy of the
filtered error signal ¢ (k). This method is illustrated in Fig.6.5. Asin the LMS algorithm

(where w (k) is just an impulse), the energy function can be approximated by its instan-

taneous value:
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B = (w (k)®e (k))? (6.5)
It can be shown that the gradient of the objective function with respect to a coefficient p
of the adaptive filter is

0B _ oo o OV (K)
5y = 20 e )0 (B®=3) (6.6)

where y is the filter output. In the case of an adaptive linear FIR filter,

_§h£:_2<w K ®e ()W ()®u (k-i))

=—2ep(k)g(k—i) (6.7)
where eq(k) = w(k)®e (k) and ¢ (k) = w(k)®u (k).

Although the tirst scheme employs the information already available and
frequency-domain processing is often more efficient than time-domain processing, it
requires a lot of complex divisions which may not be efficiently implemented on a DSP
and it introduces a processing delay which is not acceptable in some applications.
There are similarities between the second and the third methods. If in the second
method (depicted in Fig.6.4) an extra filter identical to the filter for the desired signal is
placed at the output of the adaptive filter, then the third method (depicted in Fig.6.5)
results. The requirements of the filters for the two methods are different: the filter in the
second method has to have a linear phase and flat response in the band of interest, but
the filter of the third method does not have to. The third method (frequency-weighting)

will be used in this chapter.

Human ears have high sensitivities in a narrow frequency band near 2 kHz which
is responsible for amost all articulation in speech [4]. Using the frequency-weighting

method, this requirement can be easily taken into account by assigning bigger weights
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to the frequency points in the band. This is another advantage of the trequency-

weighting method.

6.4 | dentification by Adaptive FIR Filters

This section presents results on identification of the loudspeaker system by adap-
tive linear and nonlinear FIR filters using the measured data. For adaptive nonlinear
FIR filters, the data length of 164 is not enough. The recorded signals were repeated
once so that the length became 324. The recorded input signal was used as the input sig-
nal of an adaptive filter and the recorded output signal as the desired signal. For con-
venience, the input signal to the adaptive filters was delayed by 55 samples which is

about the air-path delay. Thisis the case for all identification tests in the chapter.

Adaptive linear FIR filters with various orders were employed for a particular step
size. The curve of MSE versus filter orders is shown in Fig.6.6 for the step size of
0.005. The MSE was calculated over 4k iterations (samples) to reduce fluctuations and
the values shown in the figure were those at the 32k—h iteration. This step size was
chosen so that the curve has a low minimum. The curve reaches its minimum of
—38.1dB for an order between 350 and 450. As the order increases beyond that, the
MSE climbs due to mis-adjustment error. However, a high order filter with a properly
chosen smaller step size is expected to further reduce MSE though more iterations are
required. To confirm this, a step size of 0.0008 was used for the adaptive filter of order
700. It was run for three times using the set of 324 input-output samples. In the second

and third runs. the starting point was the solution of the previous run. Then, the MSE
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reached —38.7dB at the end of the third run and it was smaller than the minimum of the
curve in Fig.6.6. The impulse response and the transfer function are drawn in Figs.67
and 6.8 for the linear FIR filter obtained at the end of the third run. Comparing the
impulse response and the transfer function with the ones in Figs.6.2 and 6.3, we see that
the adaptive filter has identified the important features of the loudspeaker system. The
mean square of the recorded system output signal was -15dB and the best MSE by an
adaptive linear FIR filter was about —38.7dB. This suggests that the nonlinearity is

about 7 percent of the signal.

/

u (k) Physical Adaptive linear
System FIR filter

e (k)
Filter (w)

Fig.6.5 Inverse modeling with a filtered error (frequency weighting).

It was shown that an adaptive 700¢A-order linear FIR filter with a step size of
0.0008 can model well the linearity of the system. This order and step size were used

for the linear part of an adaptive nonlinear FIR filter in the following tests. An adaptive
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quadratic filter was experimented with for different orders n,. A sufficient order n,,
beyond which no improvement in MSE was observed, was found to be 400. After a
few runs on the set of 324 input-output samples, the quadratic filter achieved an MSE of
~65dB, a26dB improvement over that of the adaptive linear filter. A cubic filter with

n;= 700 and »n, = 400 was experimented with and it did not reduce MSE for any value

of n 3 because the MSE was already very small.

15 -
220 4
-254
MSE (dB)
230 4

-35 4

‘40 T T 1 1
-0 200 400 600 800
Order

Fig.6.6 MSE versus order of an adaptive linear FIR filter.
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Fig.67 Impulse response of the adaptive linear FIR of order 700.
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Fig.6.8 The transfer function of the adaptive linear FIR of order 700.
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6.5 Identification by AdaptivellR Filters

6.5.1 Adaptive Linear State-Space filter

The loudspeaker model presented in Chapter Four is of third order. Attempts were
made to identify the loudspeaker system with an output-en-or adaptive linear filter based
on this simple model. It was hoped that the dynamics of other parts, such as analogue
filters, converters, and amplifiers, would be ignored by an adaptive filter. It was not
surprising that an adaptive linear IIR filter based on either the form described in Equa-
tion (4.21) or third-order direct-form did not converge since order three is too low for

this system.

All the components except the loudspeaker in the system typicaly have flat mag-
nitude response and linear phase response for low frequencies, say below 500AHz. If an
adaptive filter just identifies the low-frequency behavior of the system, the third-order
model may be sufficient. The frequency weighting technique was used for such a test.
The weighting function was realized by a third-order low-pass Butterworth filter with a
cut-off frequency at400H:. Withthis frequency-weighting, a third-order adaptive IIR

filter still did not converge.

Then, an adaptive linear recursive state-space filter was experimented with for dif-
ferent orders. It had the direct form and was based on the output-error formulation. All
elements of the input vector B were fixed to zero, except the last element which was
fixed to one. The output vector C, the feedthrough coefficient d. and the last row of the

feedback man-ix A were adapted. Frequency-weighting was not used.
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Fig.6.9 shows the MSE versus order of an adaptive linear state-space filter for step
sizes uy = 0.005. pu.= 0.01, and y;= 0.01. The MSE decreases as the order increases

and the curve flattens when the order reaches 29.

An adaptive linear state-space filter achieved the best MSE of about —-354B, 4dB
worse than that of an adaptive FIR filter. The difference may be due to echoes. These
echoes can be easily modeled by an adaptive linear FIR filter, but they are difficult to

model with an adaptive IIR tilter.

The impulse response and transfer function are plotted in Figs.6.10 and 6.11 for
the 29th-order adaptive linear state-space filter. These plots are smoother than the

corresponding ones of both the measured data and the adaptive linear FIR filter.

6.5.2 Adaptive Equation-Error Filter

An adaptive equation-error filter was used to identify the system. The curve of
MSE versus order is drawn in Fig.6.12 for a step size p=0.1. The transfer function of
the 29th-order equation-error filter is shown in Fig.6.13. When an order was high
(greater than 29), the minimum MSE achieved by an equation-error filter was always
slightly worse than that of a state-space filter of the same order. This is probably due to
the fact that noise and nonlinearities in the measurement data have bias effects on an

equation-error filter [S].

Drd 12880005 Baskpisnnsabing Susihs Sy

A backpropagation cascade filter was applied to identify the system. The curve of

MSE versus order is plotted in Fig.6.14 for step sizes u, = 0.005 and p;, = 0.005. The
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Fig.6.9 MSE versus order of an adaptive linear state-space filter.
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Fig.6.10 Impulse response of the 29th-order adaptive linear state-space filter,
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Fig.6.11 Transfer function of the 29th-order adaptive linear state-space filter.
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Fig.6.12 MSE versus order of an adaptive equation-error filter.

minimum MSE that it achieved was about -28 dB, 7 dB higher than that of the adaptive

6.16



Measurement - F.X.Y. Gao

linear state-space filter and equation-en-or filter. Different step sizes and starting points
have been tried and the filter did not give better MSE results. The reason for this may
be that the backpropagation algorithm is sensitive to the noise in the measured data (the
nonlinearities in the data have the same effect as a noise). To see this, according to
Fig.3.2 we can write

E()=E@)+ ¢ Cy,N i=1,2 . m (6.8)
where N is the noise ( including the nonlinear signal ) and E; is the error signal without
noise. The filter attempts to minimize the mean square of the true error signa plus a

filtered noise.

The above results show that an adaptive linear IIR filter with a high order (about
30) was required to properly model the system. There are two major reasons for this.
The first reason is that practica analogue systems have high orders. When we say that
an analogue system is fourth-order, we just indicate the dominant dynamics and ignore
those which are relatively insignificant. The second reason is that transformation from
s domain to z domain is not order-preserving. It requires a digital system of an infinite

order to represent precisely a first-order analogue system.

6.5.4 ANRSSFilter

Finally, an ANRSS filter was employed to identify the system. A nonlinear
loudspeaker model was derived in Chapter Four and an ANRSS filter could be based on
this model. However, the experiments presented above have shown that this low-order
model was not good enough. It is difficult to answer the question: what structure should

be used for an ANRSS filter? The form that we tried was the nonlinear direct-form.
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Fig.6.13 Transfer function of the 29th-order adaptive equation-error filter.
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Fig.6.14 MSE versus order of an adaptive backpropagation filter.
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Nonlinear terms were only quadratic (cross-product terms) and appeared oniy on the

input side of the state variable x,(k+1), namely

g=(00 - g7 (6.9)

where g, =3 ¥ p;ixi(k)x;(k) and xg is the input signal «. The input vector B was fixed
i=0j=i

tobe(00... 1)T. The followi ng parameters were adapted: the last row of the feedback
matrix A, the output vector C, the feedthrough coefficient 4, and the nonlinear
coefficients p,;.

The tests presented above showed that a 29¢4-order linear state-space filter can
model properly the linear part of the system. To get a good starting point, the 29th-
order linear state-space filter was performed for 32k iterations twice. The starting point
of the second run was the solution of the first run. Then, the solution of second run pro-
vided initial values for the linear coefficients of the ANRSS filter. The ANRSS filter
gave an MSE of —35.54B after a few runs on the set of 324 input-output samples. For a
fair comparison, the 29rh-order linear state-space filter was performed a third time
based on the solution of the second run mentioned above. The last two runs made little
improvements in MSE and the best MSE achieved by the linear filter was —34.6dB,
0.94B worse than that of the ANRSS filter. Since the MSE was computed over 4k con-
secutive iterations, the fluctuations in estimates of MSE must be much smaller than
0.9dB. This was confirmed by simulations. Estimates of MSE were computed from
errors of 4k consecutive iterations using the final filter obtained from the third run of the
29-th order adaptive linear state-space filter mentioned above. The filter was not

adapted in the test. The standard deviation of the estimates was 0.023dB, much smaller
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than 0.9dB. The same simulation was performed using the final filter obtained by the
ANRSS filter discussed above. The standard deviation of the MSE estimates was 0.028,

much smaller than 0.94B too.

It is important to note that the ANRSS filter performed better than the linear filter.
There might be two reasons that the improvement was not so significant. First, the
effective number of independent samples was only 8k and it hardly provided enough
information for an ANRSS filter to converge. Secondly, the model used for the ANRSS

filter may not be a good choice.

6.6 Linearization

This section presents results on application of the pre-distortion technique to the
loudspeaker system. The loudspeaker system was identified by an adaptive nonlinear
FIR filter with orders n ;= 700 and n,= 400. Then, the physical loudspeaker in Fig.4.7

was replaced by this extracted loudspeaker model.

Inverse modeling of the speaker was performed by an adaptive linear FIR filter
with an order of 300. The frequency-weighted inverse modeling method was used.
The weighting function is shown in Fig.6.16, which is abandpass filter. The adaptive
inverse linear filter obtained a reduction of 21 dB in the mean square of the filtered
error after convergence. The transfer function obtained is plotted in Fig.6.17. The pro-
duct (in dB) of the inverse transfer function and the forward transfer function (Fig.6.8)
is shown in Fig.6.18. It is clear that the inverse function is an inversion of the

loudspeaker transfer function in the band specified by the weighting function of
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Fig.6.15 Transfer function of the 29th-order adaptive backpropagation filter.
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Fig.6.16 The weighting function in frequency domain.
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Fig.6.17 The transfer function of the adaptive linear inverse filter.
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Fig.6.18 The product (in dB) of the transfer functions of the linear inverse filter (Fig.6.17) and

the 700¢4 linear filter (Fig.6.8).
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The nonlinear pre-processor was constructed with the inverse linear operator
obtained by the inverse filter and the nonlinear operator (nonlinear part) cf the extracted
loudspeaker model. The recorded input signal was used so that a proper ratio of linear-
ity and nonlinearity was maintained. The pre-distortion technique enhanced the ratio of
linearity to nonlinearity from 22dB to 36dB, an improvement of 14dB, which is substan-
tial in practice. In this example, the reduction in distortion is smaller than those exam-

ples in Chapter Four because the inverse transfer obtained in this example was not as

good.

4.7 Summary

This chapter is concerned with tests of adaptive filters on measurements of a
loudspeaker system. Solutions for some practical issues. such as inversion of a transfer
function with high attenuation regions, have been proposed. For comparison and
preparation, existing techniques (adaptive linear FIR, nonlinear FIR, linear state-space,
and equation-error filters) have been successfully used to identify the system. The
results on the adaptive linear IIR filters and nonlinear FIR filters are valuable them-
selves since these adaptive filters have received extensive theoretical and simulation
studies, but few reports are on practical applications. Then, a backpropagation cascade
filter and an ANRSS filter were used in attempts to model the system. The backpropa-
gation cascade filter did not reach the global minimum. This was probably due to its
sengitivity to noise. A direct-form ANRSS filter was employed to identify the system

and it made the MSE smaller than that of an adaptive linear state-space filter. The
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improvement might be more significant if better data and/or a better filter structure are
available. The pre-distortion technique was applied to linearize the model extracted
from the measured data. The nonlinear distortion was reduced by about 14dB, which is

substantial .
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Chapter Seven

Conclusionsand
Suggestions for Future Work

7.1 Conclusions

The research work in this dissertation has advanced the state-of-the-art of both
linear and nonlinear adaptive filters.

A novel technique of backpropagation of desired signal was developed. It was
then applied to an adaptive linear cascade IIR filter, resulting in a structure with
guaranteed stability and high computational efficiency. It was shown that the equation-

error formulation is a special case of the idea of backpropagating the desired signal.

Three adaptive linearization schemes were devised for weakly nonlinear systems
using adaptive FIR filters. The first scheme cancels nonlinearity at the output of a non-
linear physical system to be linearized. The second scheme post-distorts the output sig-
nal of a physical system and the third scheme pre-distorts the input signal. The scheme
of linearization by cancellation at the output is able to accomplish virtually perfect
linearization if the adaptive nonlinear filter gives a perfect identification of the physical
system. Reduction in nonlinearities by other two schemes depends on the weakness of
the nonlinearities: the weaker, the more reduction. Simulations have demonstrated that

excellent linearization can be achieved by these schemes.

ANRSS filters have been developed, which are especially attractive for those

applications with long memories where adaptive nonlinear FIR filters are too expensive
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to use. The filters are recursive and thus generally have an infinite impulse response. To
facilitate further their application in real-time signal processing, two efficient methods
have been presented which significantly reduce computation for gradients. Several
guidelines for maintaining filter stability were described. It was shown that the conver-
gence speed depends on the eigenvalue spread of the correlation matrix of the gradient
signals. Simulations on a first-order example showed that compared with an adaptive
nonlinear FIR filter, an ANRSS filter needed only 0.4% of its computation, converged
13 times faster, and achieved a perfect matching of the system. Simulations on the
ANRSS filters have shown the approximate stochastic-gradient method performed as

well as the stochastic-gradient method in the case of the weak nonlinearities.

Measurement data were obtained on a loudspeaker system. Adaptive linear FIR,
linear state-space, equation-error, nonlinear FIR, backpropagation cascade, and ANRSS
filters were applied to identify the loudspeaker system using the data. Although adap-
tive nonlinear FIR and linear state-space filters are existing techniques, the results
obtained are interesting since few results were previously reported on practical applica-
tions. A backpropagation cascade filter did not reach its global minimum probably
because of its sensitivity to noise. An ANRSS filter made an improvement in MSE over
an adaptive linear state-space filter. The improvement should be more significant if a
better choice of filter structure and a better set of measurement data are available. The
pre-distortion technique was applied to the loudspeaker model extracted from the meas-

ured data and a significant reduction of nonlinearity was achieved.
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7.2 Suggestions for Future Work

Performance of the backpropagation cascade IR filter may be further investigated.

The linearization scheme with a post-processor may be applied to equalization of a
nonlinear data channel. where a linear equalizer can not perform well due to the pres-
ence of nonlinearities. The channel can be linearized first using the post-distortion

scheme so that a linear equalizer is able to function better.

The stability problem of an ANRSS filter should be investigated further and
efficient stability monitoring techniques may be developed. The hyperstability concept
may be used to devise an adaptive nonlinear filter with guaranteed stability and global
convergence for a nonlinear direct-form filter, which is of IIR type and is a special case

of ANRSSfilters.

Further, it is necessary to understand which set of parameters of an ANRSS filter
should be adjusted for a given problem so that the adaptation can be successful. If all
the elements of the feedback matrix A, the output coefficient vector C, the input
coefficient vector B. and the nonlinear coefficient vector p are adjusted to minimize
mean square of the output error, the adaptation may not succeed and error may not be
minimized because there is a redundancy in terms of degrees of freedom in adaptation.
Application of the ANRSS filters to practical problems should be further investigated
and implementation of the filters should be experimented on real-time signal processing

systems.
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New measurements can be performed on a loudspeaker system with a signal gen-
erator capable of generating a long sequence of independent random signals. Then, an

ANRSS filter can be applied to identify the loudspeaker system.



