
140 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS. VOL. CAS-34,  NO. 2, I-LRRlJARY 1987

Switched-Capacitor Realization of N th=Order
Transfer Function Using a Single

Multiplexed Op-Amp
GORDON W. ROBERTS, STUDENT MEMBER, IEEE, w. MARTIN SNELGROVE, MEMBER, IEEE,

AND ADEL S. SEDRA, FELLOW, IEEE

Abstract -This paper presents SC circuits for realizing an arbitrary
Nth-order filter function using any number of op-amps, from 1 to N. The
reduced op-amp count is obtained at the cost of an increased number of
clock phases. Low-noise and low-sensitivity structures are obtained by
applying the recently proposed methods of Intermediate-Function Synthe-
sis. An experimental prototype of a 5th-order low-pass filter example is
used to verify the proposed multiplexing scheme.

I .  INTRODUCTION

SWITCHED-CAPACITOR (SC) circuits are extensiveIy
used to impIement analog sampled-data filters using

integrated circuit technology [l]-[3]. Considerable interest
exists in finding new design methods that allow for more
economical switched-capacitor filter implementations. One
such method is based on a technique for time-sharing or
multiplexing individual op-amps, thereby reducing the op-
amp count. In general, op-amps represent a considerable
amount of circuit die area, consume power, and generate
noise. Therefore, fewer op-amps in the filter structure will
generally imply a more practical filter reaIization.

Previous work in this direction [4]-[6] has shown time-
sharing methods which reduce the op-amp count by a
factor of 2. This paper introduces a method which can
reduce the op-amp count by various factors from 1 to N,
where N is the order of the transfer function. This Iarge
op-amp reduction, however, is at the expense of an in-
crease in the number of clock phases. It should be pointed
out however, that the synthesis method presented here is
an exact design method, which implies that the circuit can
be clocked at relatively low frequencies (limited by the
Nyquist rate, but more practicalIy  by the prefiItering re-
quirements). This, in turn, reduces the circuit dependence
upon the op-amps settling time. Therefore, the extra cIock
phases can usually be accommodated without the need for
higher-speed op-amps.

UnfortunateIy, however, the additional clock phases
complicate the digital clock generation circuitry and layout
routing. This in itself may offset any layout area reduction
gained from the reduced op-amp count. On the other
hand, the structure is very regular so that efficient layouts
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shouId be possible. Also, due to the modularity of the
proposed structure, this scheme is highIy suited for com-
puter-assisted Iayout thereby automating SC filter design.
The authors are presently investigating several possible
layout alternatives.

The design method presented begins by generating a
state-space description of the transfer function r in terms
of the operator A (referred to as the deIta operator), which
is simply a linear translation of the discrete-time operator
Z

A=z-1. (I)

A direct realization of the state-space description of the
filter, in the form of a switched-capacitor structure using a
single multiplexed op-amp, is presented in Section II. Also
given is a method for reducing the number of required
clock phases at the expense of increasing the number of
op-amps, resulting in a continuous trade-off between the
two numbers. The remaining step in the design, namely the
generation of a suitable state-space description from a
given filter transfer function, is considered in Section III.
SpecificaIly, a systematic procedure is presented for ob-
taining a low-sensitivity state-space structure from a given
set of filter specifications.

Lastly, we will show experimental results using the tech-
niques of this paper for a 5th-order  low-pass filter exam-
ple.

II. M U L T I P L E XE D SC S T R U C T U R E S

A. Realizations Using a Single Op-Amp

The Nth-order discrete-time linear system can be de-
scribed by state-space equations of the form

(z -l)X= AX+& (2)

,y=cTX+h (31

where matrices A, b, c, and a have their usual meaning.
Substituting (1) into (2) allows us to express the state-vari-
abIe vector X in the form

X(A) = PAX@)+ &(A). (4)

In SC technology, the noninverting stray-insensitive in-
tegrator [7] has the transfer function l/(z - 1) or l/A.
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Fig. 1. Functional representation of A domain state-space structure in
(a) nonmultiplexed form and (b) multiplexed form.

Therefore, (4) implies that we can synthesize a SC circuit
which has as intermediate outputs the state-vector X.
Then, using a summing circuit which implements (3) en-
ables us to compute the output y. The resulting realization
implemented from these state-space equations is said to be
synthesized in the delta (A) domain. This A domain repre-
sentation forms the basis for the multiplexing algorithm
proposed here.

In order to implement both positive and negative coeffi-
cients of the state-equations with a stray-insensitive nonin-
verting integrator, or what we shall refer to as the A
domain integrator, a fully differential circuit is necessary.
This will provide for both output signals polarities, thus
obviating the need for inverting amplifiers or for the use of
the inverting integrator which has a different transfer
function [8]. In addition, fully differential circuits offer
high common-mode and power-supply rejection. thereby
improving the filter dynamic range [l]. [9].

The time-domain form of (2) and (3) best illustrates the
concept of the A domain multiplexed structures. Taking
the inverse z transform of (2) and (3) results in the
time-domain expressions

X,(k) =x,(/?-l) ; u,,x,(/?-l)+~,U(f+l),
J=l

;=l;~~,N ( 5 )

J=l

Fig. l(a) shows a block diagram representation of these
state-space equations. We observe that by storing the
immediate past states and input, a single multiple-input
summing stage can be used to compute the present value
of the ;th state as a weighted sum of the stored states and
the input. The summing stage can be multiplexed to com-
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Fig. 2. Generalized multiplexed SC realization for A domain state-space structures

pute the present values of all other states. The output y
can also be computed with the same summing stage pro-
vided the present states and input are made available. A
simplified diagram showing the resulting structure is shown
in Fig. l(b).

Fig. l(b) would suggest a SC circuit which time-shares a
single summing stage, the op-amp, using N + 1 clock phases
(N phases to compute the states, one phase to compute the
output). Unfortunately, however, realizing this SC struc-
ture with only N + 1 clock phases results in a stray-sensi-
tive circuit. This is due to the fact that additional storage
capacitors are required to avoid storing presently com-
puted states (or input) in capacitors containing past states
(or input). Under specific layout conditions, one can com-
pensate for the stray-sensitive structure and obtain a para-
sitic-compensated structure [5].

An alternative approach is to delay the storing of
presently computed state values in the coefficient capaci-
tors until all the past values of states stored in the coeffi-
cient capacitors are utilized. This approach increases the
number of clock phases by the number of states N, result-
ing in 2N + 1 phases, but provides for a stray-insensitive
structure. A generalized SC circuit implementing the
state-space equations of (2) and (3) with one op-amp is

shown in Fig. 2. The circuit operation can be divided into
three stages: 1) computation of state values, 2) updating
the state values in the coefficient capacitors, and 3) output
calculation, which are repeated every clock cycle.

1) Computation Stage: During clock phases $J, to qN,
the present states x,(k), for i = 1 to N, are computed
according to (5) using the weighted past states x,(k - l),
for _j = 1 to N, and input u(k - 1). The i th state is com-
puted during +, and stored in the feedback capacitor C, of
the op-amp. This calculation uses the past states and input
that are stored in the switched capacitors CO,,, for J = 1 to
N, and Cb,.

2) Updating Stage: During clock phases G~+~ to +zN,
the present states are copied into appropriate switched
capacitors. These are to be used to compute the output y
(the next stage) and delayed for the next computation
stage. In particular, the jth state is copied into capacitors
CO,, (j = 1 to N) and Cc, during clock phase $I~~,. The
input is obtained during clock phase $~~+r, eliminating the
need for an additional sample and hold circuit. The input
is sampled and stored in capacitors Cb,,...,  Cbn, and Cd.

3) Output Calculation Stage: During clock phase $J~,.,,+~,
the output y(k) is computed by summing the weighted
present states and input, according to (6).
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The component values are related to the state-space
parameters A, b, c, and d as follows:

cc, G
- =d.

F-=ct cN+lN + l

B. Reducing the Number of Clock Phases

Time-sharing a single op-amp in a SC circuit requires
the op-amp output to change and settle quickly. Instead of
using expensive op-amps with faster capabilities, ad-
ditional op-amps can be introduced into the SC circuit.
The objective of adding additional op-amps to the SC
multiplexed circuit is to provide for simultaneous compu-
tation and updating of several state values. In essence, this
will reduce the number of clock phases which will provide
more time for the output to reach its true value. Table I
illustrates the arrangement of states and phases for a
5th-order SC multiplexed circuit using 2 and 3 op-amps.
As is evident from this table, the ordering concept is
straightforward and can be easily extended to an Nth-order
multiplexed structure using any number of op-amps from
1 to N. Note that the ordering has caused some of the
op-amps to be idle during particular clock phases. This
arises, in general, because stages of the algorithm cannot
be overlapped (i.e., it is not possible to update while
computing state values).

The following expression gives the required number of
clock phases for an Nth-order filtered using m multi-
plexed op-amps:

No. of clock phases

= 2INT(N/m)+3,(

2(N/m)+I, ~t~w~;m is an integer ~~~

where INT(Lx) refers to the integer part of a. Fig. 3 shows
a plot of the above expression for different filter orders
using various numbers of op-amps. In addition, the curves
have been expanded to include the points corresponding to
two-phase nonmultiplexed structures. One can directly re-
late the settling time requirement of the op-amp to the
number of phases used in the SC circuit; hence, the curves
in Fig. 3 can be used to determine the required op-amp
bandwidth for a given multiplexed SC filter design. Fig. 3
reveals that, for state-space structures implementing the
multiplexing algorithm with 2 op-amps as opposed to 1
op-amp, there is approximately 50-percent reduction in the
required number of clock phases. Therefore, in most cases,
it may be preferred to implement this multiplexing al-
gorithm with two op-amps.

A SC multiplexed state-space circuit implemented with
two op-amps is shown in Fig. 4, assuming N is odd. In this
circuit, each op-amp is responsible for computing ap-
proximately one-half the number of states, and only one of
the two op-amps is used to compute the output y During
the phase in which one of the op-amps is idle, that op-amp

._-_ “-7

---  “-6

. . . . . . . “-5

. . . . I#-‘

_ Il.3

Fig. 3. Multiplexed Nth-order filter with m op-amps.

TABLE I
ARRANGEMENT OF STATES AND PHASES FOR A FIFTH-ORDER SC

MULTIPLEXED c i r c u i t  Using TWO OR THREE Op-Amps

is connected in a closed-loop configuration, thereby avoid-
ing potentially dangerous open-loop circuit conditions.
This two op-amp arrangement reduces the required num-
ber of clock phases from 2N + 1 to N + 2. Note that for N
even, the required number of clock phases is N + 1.

C. Finite Transmission Zeros

SC structures incorporating unswitched capacitors such
as those used to form the transmission zeros of elliptic
type leap-frog filters can also be multiplexed, but in a
limited way. Unswitched capacitors are used to continu-
ously couple an op-amp output with another’s input, which
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Fig. 4. Multiplexed SC circuit with two op-am
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in turn implies that, at least two or more op-amps must
exist in the structure. Fortunately, however, a state-space
representation of an arbitrary transfer function containing
transmission zeros does not require any continuous feed-in
signals. Therefore, the SC multiplexed circuits presented
here are complete and do not require additional un-
switched capacitors.

D. Open-Loop Condition of the Time-Shared Op-Amp

output of the op-amp can drift to the supply rails, thereby
delaying its recovery in the next clock phase. This could
seriously degrade circuit performance. One possible solu-
tion to this problem is based on the method outlined in [5].
It involves the use of a multiphase controlled switch and
two additional capacitors in a circuit that maintains
closed-loop conditions during the nonoverlap period. This
technique, although effective, results in an increased parts
count.

A common problem in multiplexing is the open-loop A simpler solution which we have successfully imple-
condition experienced by the op-amp during the time in mented in our experimental prototypes is to design the
which all phases of the multiphase clock are off. This is clock phases such that the nonoverlap period is less than
referred to as the nonoverlap period. During this time, the the time required for the op-amp’s output to slew a small
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amount (e.g., a fraction of a volt). This in turn, virtually
eliminates the possibility of op-amp saturation during the
nonoverlap period, at no extra cost to the SC multiplexed
circuit.

E. Reducing Cross-Talk Effects

Cross-talk effects have been shown to seriously hinder
integrated multiplexed SC circuits [3], [14]. They arise
mainly because of the parasitic capacitances associated
with time-shared op-amps. An applicable solution, pre-
sented in [4], which compensates for the dominant cross-
talk mechanism is obtained by controlling the design of
the differential op-amp and the circuit layout routing.

I I I .  OB T A I N I N G  LOW-SENSITIVI-~Y STATE-SPACE
REPRESEN-~ATION

This section will demonstrate a method for obtaining a
A domain state-space description (i.e., A, b, c, and d )
having an attenuation function that meets required filter
specification. From the infinite number of state-space de-
scriptions possible from a single transfer function, we will,
in particular, obtain “good” A, b, c, and d realizations.
Good realizations are those having low-sensitivity and
wide dynamic range properties, and are, in general, associ-
ated with simulations of doubly terminated LC ladder
filters.

Unfortunately, however, an LC ladder cannot be
synthesized in the delta domain. This is due to the fact that
physical frequencies a do not map onto points along the
imaginary axis of the A plane. This is evident from (1)
when z is replaced with eja’

A=cos(aT)-l+jsin(uT). (81

An alternative approach is to synthesize an LC ladder in
terms of the bilinear transform variable A, defined as

Z - l
A=-

z+l.

This transformation maps the unit circle in the z plane
onto the entire imaginary axis of the h plane. The relation-
ship between the frequency L and the corresponding point
G on the imaginary axis of the h plane is given by

A= j&?= jtan(aT/2). (IO)

An appropriate set of A plane ladder states, that is,
capacitor voltages and inductor currents, is selected as
state-variables to be simulated by the active circuit [10]
These state variables determine a set of intermediate func-
tions following the notation of [10] the transfer functions
from the ladder input to the capacitor voltages and induc-
tor currents selected as state-variables are denoted inter-
mediate functions f(A). In [10] a method called the
Intermediate Function Synthesis is given for obtaining A,
b, c, and d from the intended transfer function and a set
of 1 functions.

The intermediate functions f(A) and the transfer func-
tion l(A) obtained from the LC ladder are then mapped

TABLE II
TRANSFERFUNCTIONINTHELAMBDADOMAINFOR

LOW-PASS EXAMPLE

33 00 OQU2

1,st or - 2294 *,, 4372
roots - l685*! 4730 +I2 2219

- 0553+, 72lG

1

into the A domain via the transformation

A
A=-

A+2’ (II)

This results in intermediate functions which are “im-
proper,” that is, the order of the intermediate function
numerator is the same as its denominator, which is equal
to the order of the transfer function. This violates a
condition given in [10] which states that the intermediate
functions must have numerator orders less than the trans-
fer function order. Fortunately, however, apart from this
constraint, the numerators can be arbitrary The following
approach has been found to yield a “good” set of proper f
functions: those f functions which represent the current of
shunt tank circuit inductors or voltage of series tank circuit
capacitors and which have numerator roots at A, = - 2 + j0
(the mapping of A = CQ) are made proper by discarding
one of these roots. All other f functions are made proper
by simply discarding the residue at infinity. Although this
approach approximates the internal operation of a
doubly-terminated LC ladder network, the intended trans-
fer function is exactly realized. Intermediate functions
obtained in this manner have been found to produce
structures with relatively sparse matrices and low sensitiv-
ity.

IV. D ESIGN E x a m p l e  AND EXPERIMENTAL R e s u l t s

We shall consider the design of a fifth-order elliptic
low-pass SC filter having a passband edge at 1 kHz with
1-dB passband ripple and passband gain of unity. The
stopband edge will be at 1.5 kHz with stopband attenua-
tion 2 60 dB. The sampling frequency will be 5 kHz.

The delta domain design procedure begins by prewarp-
ing the SC filter specifications according to (10). Filter
design tables or computer programs can be used to obtain
a transfer function r(A) and an LC ladder network whose
attenuation function meets the prewarped specifications.
Table II lists the poles and zeros of a transfer function
meeting the prewarped specifications. An LC ladder reali-
zation of this transfer function is given in Fig. 5. The
resulting intermediate functions selected for the state-space
realization are listed in Table III. These intermediate func-
tions as well as the transfer function t(A) are transformed
into the A domain via (11). We then alter the intermediate
functions according to the procedure outlined in Section
III. This will provide us with a set of “proper” inter-
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mi
Fig. 5. h domain K ladder.

TABLE III
ZEROS OF THE INTERMEDIATE TRANSFER FUNCTION FOR LC

LADDER IN THE LAMBDA AND DELTA DO MAINS

f‘ “c j”* -.35521 -2.000 + j0

ijl.4372 -.5242 + j0
-1 3.17*j 9380

\s h&l”@ &,I 4372 -1.0546*j10813

*j2.?219 -1 1386+j 44404

mediate functions which are listed in the rightmost column
of Table III. Application of the IF synthesis equations
found in [lo] leads to the following A domain state-space
structure:

A =

b =

0 0 0 0 - .6072] d = .0169.

This structure has been scaled for optimum dynamic range;
the intermediate functions { j,} are scaled for unity L2
norms. The equations of Section II-A can be used to
obtain a fifth-order SC circuit. It can then be scaled for
minimum total capacitance (for our example, 488 CL,
where CU is the minimum capacitance available in the

- .9932 .8218 .4761 .1506 .0977

-.6717 0 .7195 0 0
.3345 - .6271 - .8878 S696 .3696
0 0 - .7666 0 .7703

.0607 - .1139 .4428 - .6844 - .9683 1_

TABLE IV
INDIVIDUAL A DOMAIN INTEGRATOR SENSITIVITIES (EXPRESSED IN

DECIBELS FOR A ~-PERCENT VARJATION IN I%CH INTEGRATOR

GAIN)

DESIGN METHOD TRANSFER FUNCTION CHANGE, Af,
DUE TO THE dh INTEGRATOR

CHANCE

1 2 3 4 5

delta doman + 113 + 550 + 271 + 496 + 027

rer 1121 + 021 + 214 + 2% + 189 + 021

implementation technology). It should be mentioned that a
large proportion of the total capacitance (192 C,, in our
example) is required for the output calculation, a direct
result of the small value of d.

If we consider these state-space equations to be imple-
mented in a nonmultiplexed fashion, then a useful measure
of performance for the filter realization is the output noise
power resulting from the noise contribution made by each
integrator. In particular, if noise with a white spectral
density of 1 W/Hz is applied to the input of each integra-
tor, then this structure will have an output noise power of
1.72 W.’ This figure can be compared to an optimum
structure having an output noise power of 1.15 W [lo],
[ll]. Comparing the two noise figures indicates that our A
domain structure is 1.75 dB below the optimum. This
would indicate that further improvement to the A domain
state-space structure is possible and should be sought
after.*

Although the multiplexing realization uses a single op-
amp, integration is performed five times. Thus, the usual
performance measure of evaluating the transfer function
sensitivity to each integrator gain can be employed here.
Table IV presents the results of a worst-case sensitivity
analysis performed using the methods of [10]. Specifically,
the largest transfer function variations within the filter
passband resulting from a l-percent change in the gain of
every integrator are given. For comparison purposes, we
also list in Table IV the sensitivity results for the design
proposed in [12]. Although the method of [12] produces a
less sensitive structure, it does not offer the multiplexing
capability of the A domain state-space structure. There-
fore, depending upon the design requirements, a more
sensitive structure may be preferred when the advantages
of multiplexing with one or two op-amps are considered.

In order to verify the methods of this paper, we have
simulated and breadboarded the design example of this
section using the single op-amp circuit of Fig. 2. The SC
simulation program SWITCAP [13] produced results simi-

‘The method for performing these cakulations  is given in [lo].
‘AIthough our generaked SC filter circluit would appear to require a

large number of switches, the switch count can be reduced with ap-
propriate switch-sharing. In particular, our fifth-order design example
requires a minimum of 64 switches. For comparison purposes, we note
that a design based on the synthesis method of [12] requires a minimum
of 56 switches. Therefore, our proposed circuit structure has almost the
same number of potential noise sources as the state-of-the-art.
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Fig. 6. Measured response of the fifth-order elliptic single op-amp A
domain low-pass filter. horizontal 0.2 kHz/div. Vertical: 10 dB/div.
(upper trace), 1 dB/div. (lower trace).

lar to those obtained by the breadborded circuit. The
breadboarded circuit implemented the differential op-amp
using two LF356-type  op-amps; one op-amp acted as the
front-end differential stage and the other as an inverter to
produce the complementary output. The switches used
were of the CA4066 type and an ll-phase  clock of 5-kHz
frequency was generated with a digital circuit having a
master clock frequency of 55 kHz. The nonoverlap time of
each phase lasted no longer than 50 ns.

Fig. 6 shows the measured response obtained from the
SC circuit of this example. The output was measured using
a sample-and-hold circuit; hence, the sin(x)/x function
multiplies the response.

V.  C O N C L U S I O N S

We have presented a fully-differential stray-insensitive
multiplexing algorithm using 1 to h op-amps, realizing any
Nth-order transfer function. The synthesis method is
straightforward once a state-space representation of the
given transfer function is obtained. Various circuit options
have been introduced, increasing the versatility and practi-
cality of the multiplexing scheme. Low-sensitivity state-
space representations were obtained by applying the meth-
ods of IF synthesis. The algorithm presented was verified

using both computer simulation and breadboard experi-

mentation.
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